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Introduction

In this thesis, we are interested in optimality necessary conditions for control prob-

lems of systems evolving according to the stochastic differential equation
de (t) =b(t,z(t),u(t))dt+o(t,x(t),u(t))dW,, x(0)=ux

on some filtered probability space (2, F, (F;), P), where b and o are deterministic func-
tions, (W;,t > 0) is Brownian motion, xy is the initial state and u (¢) stands for the control

variable. Our control problem consists in minimizing a cost functional of the form

Ju)=FE UO h(t,z(t),u(t))dt+ g(z(1))],

over the class U of admissible controls, that is adapted processes, with values in some

compact metric space A, called the action space.

Let us first speak quickly about the optimization problems. One of the principal
approaches in solving optimization problems is to derive a set of necessary conditions
that must be satisfied by any optimal solution. For example, in obtaining an optimum of
a finite-dimensional function, one relies on the zero-derivative condition (for the uncon-
strained case) or the Kuhn-Tucker condition (for the constrained case), which are necessary
conditions for optimality. These necessary conditions become sufficient under certain con-
vexity conditions on the objective/constraint functions. But in the problems of optimal

control, it become an optimization problems in infinite-dimensional spaces; therefore these
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problems are substantially difficult to solve.

A control @ is called optimal if it satisfies
J(u) =inf {J(u),u € U}.

If, moreover, u is in U, it is called strict. Existence of such a strict control or an optimal
control in U follows from the convexity of the image of the action space by the map
(b(t,z,.),0%(t,x,.), h(t,z,.)), called the Filipov-type convexity condition, see [13, 23|, 27,
37, 43]. Without this convexity condition an optimal control does not necessarily exist
in U, this set is not equipped with a compact topology. The idea is then to introduce a
larger class R of control processes, in which the controller chooses at time ¢ a probability
measure ¢ (da) on the control set U, rather than an element u; € U. These are called
relaxed controls and have a richer topological structure, for which the control problem

becomes solvable and the SDE will have the form

dx (t) = /Ab(t,x (t),a)q(da)dt + /AO' (t,x (t),a) M (da,dt), x(0)= zo,

where M (da, dt) is an orthogonal continuous martingale measure, whose intensity is the

relaxed control ¢;(da)dt, and his corresponding cost is given by

s = B[ [ [ 100 atdand + oG (1)

The relaxed control problem finds its interest in two essential points. The first is that
an optimal solution exists. Fleming [27] derived an existence result of an optimal relaxed
control for systems with uncontrolled diffusion coefficient. The existence of an optimal
solution, where the drift and the diffusion coefficients depend explicitly on the relaxed
control variable, has been solved by El Karoui et al.[23], see also [37, 86]. The relaxed

optimal control in this general case is shown to be Markovian. See also [10] for an altern-
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ative proof of the existence of an optimal relaxed control based on Skorokhod selection
theorem.

The second advantage of the use of relaxed controls is that it is a generalization of the strict
control problem, in the sense that both control problems have the same value function.
Indeed, if ¢;(da) = d,,(da) is a Dirac measure charging u; for each ¢, we get a strict control

as a particular case of the relaxed one.

Motivated by the existence of an optimal relaxed control, various versions of the
stochastic maximum principle have been proved. The first result in this direction has
been established in [51], where a stochastic maximum principle for relaxed controls, in the
case of uncontrolled diffusion coefficient has been given by using the first order adjoint
process (see also [9] the extension to singular control problems). The case of a controlled
diffusion coefficient has been treated in [10], by using Ekeland’s variational principle and
an approximation scheme, by using the first and second order adjoint processes. Let us
point out that a different relaxation has been used in [3] 1], where the drift and diffusion
coefficient have been replaced by their relaxed counterparts. Their relaxed state process
is linear in the control variable and is different from ours, in the sense that in our case we
relax the infinitesimal generator instead of relaxing directly the state process. Then, we

obtain a maximum principle of the Pontryagin type.

The maximum principle of Pontryagin type is formulated and derived by the Russian
mathematician Lev Pontryagin and his students in the 1950s. This principle used in op-
timal control theory, he is truly a milestone of optimal control theory. He find that any
optimal control along with the optimal state trajectory must solve the so-called Hamilto-
nian system, it can also be called a forward-backward differential equation, where we
can compare it with the stochastic case, a maximum condition of a function called the
Hamiltonian. Its proof is historically based on maximizing the Hamiltonian. The initial
application of this principle was to the maximization of the terminal speed of a rocket.

However, as it was subsequently mostly used for minimization of a performance index it
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has here been referred to as the minimum principle. The mathematical significance of
the maximum principle lies in that maximizing the Hamiltonian is much easier than the
original control problem that is infinite-dimensional. Another approach of the Pontryagin

type is a Peng-type.

The aim of the present this work is to obtain a Peng-type general stochastic max-
imum principle for relaxed controls, using directly the spike perturbation. Our method
differs from the one used in [I0], in the sense that we don’t use neither the approximation
procedure nor Ekeland’s variational principle. We use a spike variation method directly
on the relaxed optimal control. Then, we derive the variational equation from the state

equation and the variational inequality from the inequality

J(qe) —J(q) >0.

As for strict controls, the first order expansion of .J (qa) is not sufficient to obtain a
necessary optimality condition. One has to consider the second-order terms (with respect
to the state) in the expansion of J (¢”) — J(q). Although the second-order terms are
quadratic with respect to the state variable, a so called second-order variational equation
and second-order variational inequality are introduced. By using a suitable predictable
representation theorem for martingale measures [55], we obtain the corresponding first and
second-order adjoint equations, which are linear backward stochastic differential equations
driven by the optimal martingale measure. This could be seen as one of the novelties of

this work.

This thesis is organized as follows. In the first chapter, we begin by given a definition
and basic properties of martingale measures and we look about examples of martingale
measures, then we go to in important result which is the representation of martingale
measures, where we can discover that the intensity of martingale measures can be decom-

pose, and the construction of martingale measures, without forget the representation of
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vector martingale measures. Finally, we set two essentially results, which are the stabil-
ity theorem for martingale measures and the approximation by the integral of Brownian
motion, which they have big applications, since we set here a famous lemma Known by
the name of chattering lemma. Let us point out that in this work, we interest exactly to

orthogonal continuous martingale measures.

In the second chapter, we are interesting to give the general stochastic maximum prin-
ciple for control problems, and we refer the interested reader to the famous references Peng
[56], Young Zho [60]. Here we have first state of the stochastic maximum principle, which
contain the adjoint equations, maximum principle and stochastic Hamiltonian systems,
then we go to the proof of the maximum principle which is rather lengthy and technical,

we need Taylor expansions and duality analysis, then the completion of the proof.

In the last chapter, we present our result which is the generalization of the second
chapter result in the case that here we have stochastic differential equations driven by
orthogonal martingale measures. But before this, may we speak about the cases which
lead to relax our problem, for this we begin by setting the control problem which decompose
to the strict control problem and relaxed control problem, then we present a predictable
representation for martingale measures and a representation of relaxed control problems.
Finally, present our main result. We obtain a maximum principle of the Pontriagin type
for relaxed controls, extending the well known Peng stochastic maximum principle to the

class of measure-valued controls.



Chapter 1

Martingale measures and basic

properties

artingale measure theory was introduced by JB Walsh in 1984 [59]. The idea
Mwas to construct a stochastic calculus for two parameter "space-time" processes
having a martingale property in the time variable and a measure property in space. Mar-
tingale measure arise in the representation of processes whose quadratic variation is the

integral of a space-time function.

1.1 Definition and basic properties of martingale meas-
ures

Considering set functions on R with all coordinates treated symmetrically, we choose
one coordinate to be the "time" and the other coordinates to be the "space".

Let us begin with some remarks on random set functions and vector-valued measures. Let
(E,€) a Lusin space, i.e a measurable space homeomorphic to a Borel subset of the line.

(this includes all Euclidean space and, more generally, all Polish spaces).
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We consider a function U (A, w) defined on Ax2, where A is a subring of £ which satisfies
|U(A)|5=E [U(A)?] < o0; VA€ A
Suppose that U is finitely additive
fANB=0=U(A)+U(B)=U(AUB) as. YAand B in A.

In most interesting cases U will not be countably additive if we consider it as a real-valued
set function. However, it may become countably additive if we consider it as a set function
with values in L2(Q, F, P). Let |U(A)|l, = E [U(A)?)? be the L?norm of U(A).

We will say that the map U is o-finite when there exists an increasing sequence (E,) of

FE such that

L | JE=E;
2. ‘v’n, gn = E\En - .A;
3. sup{||lUA)|,,A €&} <o0.

Define a set function p by
w(A) = [U(A)];-

A o-finite additive set function U is countably additive on &, (as an L?-valued set function)
iff

Jj—oo
If U is countably additive on &,, Vn, we can make a trivial further extension: if A € &,,
set U(A) = lim U (AN E,) if the limit exists in L? and let U(A) be undefined. This
leaves U unchanged on each &,, but may change its values on some sets A € £ which are

not any &,. We will assume below that all our countably additive set functions have been

extended in this way. We will say that such a U is o-finite L?-valued measure.
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Definition 1.1.1 Let (2, F, (Ft)i>0, P) be a filtered probability space satisfying the usual
condition ( El Karoui et Méleard [22]). {M;(A),t 2 0,A € A} is a F;—martingale meas-

ure if and only if

1) MO — 0, \V/A S A
2) {M;(A),t 20} is a Fi-martingale, VA € A

3) Vt > 0, My(.) is a L*-valeud o-finite measure.

Remark 1.1.1 When we integrate over dx for fixed t- this is the Bochner integral- and
over dt for fixed sets A - this is the Ito integral. The problem facing us now is to integrate

over dx and dt at the same time.

There are two rather different classes of martingale measures which have been popular,

orthogonal martingale measures and martingale measures with a nuclear covariance.

Definition 1.1.2 A martingale measure M is orthogonal if, for any two disjoint sets A

and B in A, the martingales {M; (A),t > 0} and {M; (B),t > 0} are orthogonal.

Equivalently, M is orthogonal if the product M, (A) M, (B) is a martingale for any two dis-
joint sets A and B. This is in turn equivalent to having (M (A), M (B)),, the predictable

process of bounded variation, vanish.

Definition 1.1.3 A martingale measure M has nuclear covariance if there exists a finite
measure 1 on (E,€) and a complete ortho-normal system (¢y) in L* (E,E,n) such that
n(A)=0=pu(A) =0 forall A€ & and

> E(M(¢r)?) <0

where My(¢py) f ox (x) My(dx) is a Bochner integral.
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1.1.1 Worthy Measures

Unfortunately, it is not possible to construct a stochastic integral with respect to all
martingale measures, so we will need to add some conditions. There are rather strong,
and, though sufficient, are doubtless not necessary. However, they are satisfied for both
orthogonal martingale measures and those with a nuclear covariance.

Let M be a o-finite martingale measure. By restricting ourselves to one of the FE,, if
necessary, we can assume that M is finite. We shall also restrict ourselves to a fixed time

interval [0, 77].
Definition 1.1.4 The covariance function of M is

Qi (A, B) = (M (A), M (B)), .
Note that ); is symmetric in A and B and biadditive: for fixed A, Q; (A,.) and Q; (., A)

are additive set function. Indeed, if BN C = &,

Qi (A, BNC) = (M (A), M (B) + M(C)),

= (M (A), M (B)), + (M (A), M (C)),
=Qi(A,B)+ Qi (A Q).

Moreover, by the general theory,
Qi (A, B)] < Qi (A, 4)* Qi (B.B)'"*.

A set Ax B x (s,t] C Ex E xR, will be called a rectangles. Define a set function ) on

rectangles by
Q(A X B % (S7t]> :Qt(AvB) —QS<A,B),

and extend @ by additivity to finite disjoint unions of rectangles, i.e. if A; X B; X (s;, ;]
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are disjoint, ¢ = 1,...,n set

Q (OAi x B; (si,ti]) = Z (@1, (Ai, B)) — Qu, (As, B)]

i=1 =1

Definition 1.1.5 A signed measure K (dz,dy,ds) on € x £ x B is positive definite if for

each bounded measurable function f for which the integral makes sense,

/ f(x,s) f(y,s) K (dx,dy,ds) > 0.

ExExR4

For such a positive definite signed measure K, define

(f.9)x = / f(2.8)g (v, 8) K (de, dy, ds) > 0.

ExExR4

Note that (f, ), > 0 by the last inequality.

We are led to the following definition.

Definition 1.1.6 A martingale measure M is worthy if there exist a random o— finite

measure K (A, w), A € E x E x B, w € Q, such that

i) K is positive definite and symmetric in x and y,
ii) for fized A, B, {K (A x B x (0,t]),t > 0} is predictable,
iii) for alln, E{K (E, x E, x (0,T])} < oo,

iv) for any rectangle A, |Q (A)| < K (A).

We call K the dominating measure of M.

10
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Remark 1.1.2 1. The requirement that K be symmetric is no restriction see [59] for

more detaile.

2. Both orthogonal martingale measures and those with nuclear covariance are worthy.

But, we will show it below only for orthogonal martingale measures.

If M is worthy with covariance () and dominating measure K, then K + () is a positive set
function. The o—field £ is separable, so that we can first restrict ourselves to a countable
subalgebra of £ x £ x B upon which @ (., w) is finitely additive for a.e. w. Then K + @
is a positive finitely additive set function by the measure 2K, and hence can be extended

to a signed measure on £ X ExB, and the total variation of () satisfies

QI (A) < K (A)

for all £ x € x B.
Let
A(E) = {(z,2) = € B},

be the diagonal of F.
Proposition 1.1.1 A worthy martingale measure is orthogonal iff Q) is support by A (E) x R, -
Proof. Q) (A x B x (0,t]) = (M (A), M (B)),.
If M is orthogonal and A N B = @, this vanishes hence

QI(Ax B—-A(E) xR =0,
ie. supp@ C A(E) x R;. Conversely, if this vanishes for all disjoint A and B, M is
evidently orthogonal. m

Definition 1.1.7 If M is a martingale measure and if, moreover, for all A of A, the map

t — M, (A) is continuous, we will say that M is continuous.

11
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We can associate with each set A of A the increasing process (M (A)) of the martingale
{M; (A),t = 0}. The process can be regularized in a positive measure on R, x F, in the

following sense

Theorem 1.1.1 (Walsh [59)) If M is a F;—orthogonal martingale measure, there exists
a random o-finite positive measure v(ds,dx) on R, x E, F;—predictable, such that for

each A of A the process (v ((0,t] x A)), is predictable, and satisfies
VAe A Vt>0, v ((0,t] xA)=(M(A), P-as.

If M is continuous, v is continuous. The measure v is called the intensity of M.

Remark 1.1.3 1) We have

VA, B € ANt >0, (M(A),M(B)), = (M(ANB)), =v((0,) x ANB) P-as.

The measure v characterizes thus completely all quadratic variations of the orthogonal

martingale measure M.

2) In the following, measures on Ry X E are positive and o-finite.

1.1.2 Stochastic integrals

Let M be a worthy martingale measure on the Lusin space (£ x &), and let Q) and K,

be its covariation and dominating measures respectively. This definition of the stochastic

integral may look unfamiliar at first, but it merely following Ito’s construction in a different

setting.

In the classical case, one constructs the stochastic integral as a process rather than as a

random variable. That is, one construct { / t fdW t > O} simultaneously for all ¢, one
0

can then say that the integral is a martingale, for instance. The analogue of "martingale"

12
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in this setting is "martingale measure". According, they define this stochastic integral as
a martingale measure.

Recall that we are restricting ourselves to a finite time interval (0, 7] and to one of the E,,,
so that M is finite. As usual, they first define the integral for elementary functions, then
for simple functions, and then for all functions in a certain class by a functional completion

argument.

Definition 1.1.8 (Walsh [59]) A function f (x,s,w) is elementary if it is of form
f(z,s,w) =X (w) Ly () La (),

where 0 < a < t, X is bounded and F,-measurable, and A € €. f is simple if it is a finite

sum of elementary function. We denote the class of simple function by S.

Definition 1.1.9 The predictable o-field P on 2 x E x R, is the o-field generated by S.

A function is predictable if it is P-measurable.

They define a norm ||.||;, on the predictable functions by

1fllae = ELCSL D2

Note that they have used the absolute value of f to define || f]|,,, so that

(f. Ho < If1%-

Let Py be the class of all predictable f for which || f||,, < oc.

Proposition 1.1.2 Let f € Py and let A = {(z,s) : |f (x,s)| > €}. Then

E{K (Ax Ex[0,T])} S%”JCHME{K(EXEX 0,71} -

13



Chapter 1. Martingale measures and basic properties

Proof.

cE{K (Ax Ex[0,T])} < E{[|f (2, )| K (dv,dy,dt)} = E{(|f]. 1)}

< B{(71. 1D} K (B x B x 0.7])}
<|Iflly E{K (E x E x [0,T])}"/?

where we have used Schawartz’s inequality in two forms. m

Proposition 1.1.3 S is dense in Pyy;.

Proof. If f € Py, let

s — 4 @9 EIT@OI<N

0 otherwise

then

1 = fulls ZE{/!f(fw) @)l If (9 5) — F <y,s>|f<<dx,dy,ds>}

which goes to zero by monotone convergence. Thus the bounded functions are dense. If
f is bounded step function, i.e. if there exist 0 < ¢y < t; < ... < t,, such that t — f(x,t)
is constant on each (¢;,t;41), then f can be uniformly approximated by simple functions.
It remains to show that the step function are dense in the bounded functions.

To simplify our notation, let us suppose that K (E x E X ds) is absolutely continuous
with respect to Lebesgue measure. | We can always make a preliminary time change to

assure this.] If f (z, s, w) is bounded and predictable, set

k2n
fo(x,8,0) = 2"/ fr,u,w)duif k27" < s < (k+1)27",
(k—1)2-n

fix w and x. Then f, (z,s,w) — f(x,s,w) for a.e. s by either the martingale convergence

theorem or Lebesgue’s differentiation theorem. It follows easily that || f — fn|/,;, — 0. m

14
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Now the integral can be constructed with a minimum of interruption. If

[z, s,w) =X (w) Ly (s)1a ()

is an elementary function, define a martingale measure f.M by

F.M, (B) = X (w) (Mypy (AN B) — Mypg (AN B)). (1.2)

Lemma 1.1.1 f.M is a worthy martingale measure. Its covariance and dominating meas-

ures Qs.ar and Ky are given by

Qf.M (dl‘, dya dS) = f (l’, 3) f <y7 S) QM (d%, dyv dS) (13)
Kf.M (dx7 dy7 dS) = ‘f (‘Tv 8) f (y7 5)’ KM (dSC, dy? dS) : (14)

Moreover
E{f.M,(B)*} <|/fll3 forallBe & t<T. (1.5)

Proof. f.M,;(B) is adapted since X € F,; it is square integrable, and a martingale.
B — f.M,(B) is countably additive (in L? ), which is clear from 1} Moreover

FMB) LA C) = [ F(05) S (509) Qui (ddy.
BxCx[0,]
— X2 [(Myp (AN B) = Mypa (AN B)) (M, (AN C) — Mypa (AN C))

—(M((ANB),M(ANC)),, + (M(ANB),M(ANC))

t/\a]

which is a martingale. This proves (1.3]), and (1.4) follows immediately since Ky is

positive and positive definite. ((1.5)) then follows easily. =

15
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We now define f.M for f € S by linearity.
Suppose now that f € Py. By Proposition 1.1.3 there exist f, € Ssuchthat ||f — f,
By (L.5),if Aec £ andt <T,

Iy — 0 -

E{(fm-Mt (A) - fn'Mt (A))Q} S ||fm - anM — 0

as m,n — oo. It follows that (f,.M; (A)) is Cauchy in L? (2, F, P), so that it converge in

L? to a martingale which we shall call f.M; (A). The limit is independent of the sequence
(fn)-

Theorem 1.1.2 If f € Py, then f.M is a worthy martingale measure. It is orthogonal

if M 1s. Its covariance and dominating measures respectively are given by
Qry (dx,dy,ds) = [ (. s) f (y,s) Qu (dz, dy, ds), (1.6)

Kyt (do,dy,ds) = | (x,5) f (9, 9)] Kt (do,dy, ds) (1.7)

Moreover, if g € Py and A, B € £, then

(f.M (4),g.M (B)), = / ] 0009 (0:5) Qu . (18)
E{f. M, (A)?} <[ f]I3 - (1.9)

Proof. f.M (A) is the L? limit of the martingales f,.M (A), and is hence a square-

integrable martingale. For each n

fou My (A) fou My (B) — / fo (@.8) fo (. 5) Que (drody,ds)  (1.10)

AxBx[0,t]

is a martingale. f,,.M; (A) and f,.M; (B) each converge in L?, hence their product con-

16
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verges in L'. Moreover

A

/A oy 5 (0:5) = £ 2,9) £ 99)) Que (8, dy )
SE{/ o U ) = 7 )] o <dx,dy,ds>}
B { [ @ =@ )] Ky <das,dy,ds>}

ExEx[0,T]

< E{(ful [f = Fal) i + (1F = ful  [FD i}
< (1fallas + W) 1 = Fallyy =0

|

we use Schwartz in the last inequality. Thus the expression (1.10)) converge in L' to

FM, (A) £.M, (B) - / £ (.8) f (4.5) Qur (dr, dy, ds)

AxBx[0,t]

which is therefore a martingale. The latter integral, being predictable, must therefore
equal (f.M (A), f.M (B)),, which verifies (1.6), and follows.

This see that f.M; (A) is a martingale measure, we must check countable additivity. If
A, C E, A, | 2, then

p{ranayy<s{ [ 1 008) 1 00 9)| € (a5

nXAnx[0,t]

which goes to zero by monotone convergence.

If M is orthogonal, @) sits on A (E) x [0, 7], hence, by , so does Qr.as. Then, f.M
is orthogonal. m

Now that the stochastic integral is defined as a martingale measure, we define the usual

stochastic integral by
| = )
Ax[0,t]

and

[ gav = (e
Ex[0,t]

17
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while

/fdM = tlimf.Mt (E).
When it is necessary we will indicate the variables of integration. For instance
/ f(z,s)dM (dx,ds) and / f(z,s)dM,q
Ax[0,1] AJo4

both denote f.M; (A).

It is frequently necessary to change the order of integration in iterated stochastic integrals.
Here is a form of stochastic Fubini’s theorem which will be useful.

Let (G, G, i) be a finite measure space and let M be a martingale with dominating measure

K.

Theorem 1.1.3 Let f (z,s,w,\), x € E, s >0, w € Q, A € G be a P X G-measurable

function. Suppose that

E{/ \f(x,s,w,A>f<y,s,w,A>\K(dx,dy,dsm(d»} < o0,
ExEx[0,T|xG

Then

/G{/EX[MJ[(:E,s,)\)M(da:,ds)} 1 (dN) —/EX[OJ] {/Gf(x,s,)\)u(dk)} M (dz, ds) .

Proof. See Walsh [59] =

18
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This property characterizes continuous orthogonal martingale measures, in the following
sense. From new, when we say martingale measures it means that we speak about ortho-

gonal continuous martingale measures.

Corollary 1.1.1 Let M be an orthogonal martingale measure on E and v (ds,dzx) a ran-
dom continuous positive measure on R, x E. Then M is a continuous martingale measure

with intensity v if and only if

E (eXp [/;/Ef (s,2) M (ds, dz) — 1/2/(0’t]fo2 (s,7)v (ds,d@D =1 (L.11)
Vfe L2

Proof. The condition is clearly necessary.

Conversely, let us consider f € L? and the following function F'
F(w,u,z) = 0f (w,u,2) 15y (u) 1, (w),

where G, € F,, 0 < s <t, 0 €R.

The condition (1.11]) implies that

B (e 116, 08 ()~ M9 =16, [ [ 720w ()| ) = e
B (1o 00 [0 04 ) - 3. () - 4 | £ w)) =P ..

Then, for f € L2, M, (f) is a continuous martingale with quadratic variation , according to
the result of Jacod and Memin [40] about the characterization of continuous martingales.
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1.2 Examples of martingale measures

1.2.1 Finite space

Let us suppose that E is a finite space {as, as, ..., a,} . A martingale measure is uniquely

determined by the n-orthogonal square integrable martingales (M; ({a;}))}_;.

i=
Conversely, let m},...,m} be n-orthogonal martingales with increasing processes (C});_; ;

then the mapping
My(A) = miday(A)
i=1

defines a martingale measure on E with intensity dCd,,)(da), since

(M(da)), = <Z mi5{ai}(da)>
= Z: 6{al}(da) <mi>t

=Y dCi6a,y(da).
=1

1.2.2 More generally

Proposition 1.2.1 Let E be a Lusin space and (us),~, an E-valued predictable process.
Let us consider moreover a square integrable martingale m; with quadratic variation process

Ct . Let

M, (A) = /0 t 14(ug)dms, (1.12)

for A € &, then {M,(A),t =20,A € A} is a martingale measure with intensity equal to

Ou, (da)dCy. If m is continuous, M is continuous.

Conversely, all martingale measures with intensity 6, (da)dCy are of the form (1.13), with
my = Mt (E) .
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Proof. We get immediately that M, is a martingale measure and

(), = ([ 1qanuim. )

_ /0 (Lpany (1)) d (),

t
= [ () o,
¢
= / Ou, (da)dC
0
1 ifuseA
since 14(us) = = 0,,(A), then the intensity of {M; (A),t =2 0,A € A}
0 if not

is 0y, (da)dCs.
Conversely; let us study the difference M; (A)—M; (f1g), A € £, where f (w, s) =14 (us (W)).

Let us remark that

M, (f15) = / / (La(0) L () M (da ds) = /E / Ly () M (da, ds)
// 1a(us)M (da, ds) = /OtlA(us)/EM(da,ds)

_/ 14(us)M (E,ds) = /1A(Us)dms;

0 0

because ms = M, (E) and f is not depending on a.

M; (A) — M, (f1g) is a martingale with increasing process

(M (A) = M (f1g)), / / 1a(ug) — f(5))? 0u, (da)dC,
= [ (atw) 21400 116) + £29) C

0

- / (La(us) — f(5))2dC, = 0
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then

M, (A) = M, (f1z) = /0 14(us)dm, P —p.s

1.2.3 White noises

As the Brownian motion in the theory of continuous martingales, there exist fundamental
martingale measure: white noises. Let us consider a centered Gaussian measure W on

(Ry x E,B (Ry) ® &, p), where p is a positive o—finite measure on Ry x F, defined by

Vhe L2, E(expW(h))=exp <%/R ; R (y) (dy)) : (1.13)

A construction of such a measure is given by Neveu [53].

The process B; (A) = W ((0,t] x A), defined for the state A € A which satisfy
p=((0,t] x A) < 00,Vt >0,

is then a Gaussian process with independent increments and intensity p, with cadlag
trajectories. It is easy to show that {B; (A),t =0, A € A} is a martingale measure with
a deterministic intensity, with respect to its natural filtration. When p is continuous, its

continuity is proven according to Corollary 1.1.1 and the characterization (1.13]).

Definition 1.2.1 When the measure u is continuous, the family {B; (A),t =20, A € A}

15 called white noise with intensity L.
White noises are completely determined by the deterministic nature of their intensity.

Proposition 1.2.2 Let {M;(A),t 2 0,A € A} be a F,—martingale measure with a de-
termanistic continuous intensity v. Then, M is a white noise (with respect to its natural

filtration)
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1.2.4 Image martingale measures

Definition 1.2.2 (E.&) and (U,U) are two Lusin spaces. Let N be a martingale measure
with intensity v (ds,dx) on Q@ x Ry x U and ¢ (w,s,u) a P ® U—measurable E—valued

process.

Let
M, (w,B):/Ot/UlB(gb(w,s,u))N(w,ds,du).

{M;(B),t >0,B € &£} defines a martingale measure with intensity u, where 1 is given by

1 ((0,t] x B) :/(Ot]/UlB(gb(s,u))v (ds,du) .

M is called image martingale measure of N under ¢. Let us remark that N is continuous,

M s also continuous.

1.3 Representation of martingale measures

1.3.1 Intensity decomposition. Construction of martingale meas-
ures
We will prove first that the form ¢, (dx) dk; for a martingale measure intensity is not a

restrictive assumption.

Lemma 1.3.1 Let v (dt,du) be a random predictable o— finite measure. v can be decom-

posed as follows;

v (dt, du) = g (dx) dk,

where k; is a random predictable increasing process and (q; (dz) dk;),s is a predictable

family of random o— finite measures.
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Proof. We will use the notation of section 2.
If v is a finite measure, the lemma is well known. Otherwise, there exists a PRQE —measurable

function W : Q x R, x E — (0,00) such that

V' (dt,dx) = v (dt,dx) W (¢, x)

is finite. Then we can decompose

V' (dt,dx) = q, (dz) dky;

the result follows by setting

¢ (dx) =W (t,x)"" .q} (dz).

Remark 1.3.1 This decomposition is not unique, and it is always possible to assume that
the process k; is increasing, for example by replacing k; by k; +t. In the following, we will
use this decomposition of the intensity in which the time coordinate plays a special role,
and we will denote the intensities of martingale measures in the form g, (dx) dk;, with an

INCTEasing processes (kt)t>0'

An important result is that is always possible to give a representation of the random
measures as image measures of deterministic measures ( cf. A.V Skorohod [58], N. Elkaroui

and J.P. Lepeltier [20], B. Grigelionis [33])

Theorem 1.3.1 Let (¢;(dx)),5o be a predictable family of random o—finite measures,
defined on a Lusin space (E,E).

Let us also consider a Lusin space (U,U) and a deterministic diffuse o— finite measure A
on U which satisfies

@ (B) < A(U) VteR,,Vwe .
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Then there exists a predictable process o (t,u), with values in EU{d}, (0 is the cemetery

point), such that
0 (4) = / La(o (A (du) VA € £,V € O (1.14)
U
and a predictable kernel from E to U. Q (t,z,du) which satisfies

/U 1 () £ (i () (dus) = /E f(2)Q (t, 2. B) g, (d) (1.15)

Yw € 0,V f measurable positive, VB € U.

The kernel Q (t,z,.) is the conditional law of u with respect to the o—field generated by .

According to this theorem, the existence of a continuous martingale measure with intensity
q; (dx) dky, follows immediately from the existence of a white noise, as the construction
will show it. When £k, is deterministic, the martingale measure is given as image measure

of white noise, and the general case follows by using a time-change.

Theorem 1.3.2 Let (2, F, (Fi)i>0, P) be a filtered space and v a random positive con-

tinuous o— finite measure, satisfying

(k) continuous and increasing
v (dt,dx) = q (dz) dky,
(q:) predictable.

There exist on an extension §) = (Q X Q, F x f, (Fp x ft)tzo, P x 15) a continuous mar-
tingale measure N with intensity v, obtained as time-changed image measure of a white
noise.

Moreover, N is orthogonal to each continuous (F;, P) martingale measure M.

Proof. i) Let us assume that k; is deterministic.
We can build on an auxiliary space (Q,F, (.7:})7520,15) a white noise B with intensity

A (du) dky, where A satisfies the assumpositions of Theorem 1.3.1. On the extension (Q, F, (]:"t)tzg, P) =
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(Q x O, F x F, (F X ft)tzo, P x ﬁ), B is a continuous martingale measure with a de-
terministic intensity and then a (F;)—white noise (Proposition 1.2.2). Let ¢ (£, u) be the
predictable process satisfying . It is clear that ¢ is PolU measurable, P being the
predictable o—field on the extension Q.

By the definition 1.2.2 and (1.14)), the family

t
Nt(w,w’,A)://lA(go(w,s,u))B(w’,ds,du), Ae€é,
o Ju

is a continuous martingale measure with intensity

/0 /U1A<90 (w, s,u))A (du) dks = v ((0,t] x A).

Moreover, B and each (F;, P)—martingale measure M are orthogonal (by construction, M
is again in a f"t—martingale measure). We verify that each predictable step function , the
martingale measure / t / h(¢ (s,u))B (ds,du) and M are orthogonal, and that this prop-
erty is more generall; sa[‘gisﬁed for h in L?(dP ® ¢; (dx) dk;). That implies immediately
the orthogonality for M and N.

ii) If k; is not deterministic, let us consider 7, = inf {s > 0, k, > t} . 7, is then the increasing
inverse of k;. We can consider the o —finite random measure v (dt, dx) = q,, (dx) dt, where
g is predictable (for the filtration F,, ).

According to i), we construct a white noise B with intensity A (du)dt, ¢ a predictable

process (for F,, ), such that
t
N; (A) = / / 14(p(w,s,u))B(ds,du), definesfort >0, A¢c¢E,
0 Ju

a F,—martingale measure, with intensity ~ (dt, dx).
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Let us now consider the F,—martingale measure {M, (A) ,t =2 0, A € A} defined by )/, (A) = N, (A) -

The intensity of M is then ¢; (dx) dk;, since

wrp= [ [ i @as= [ [ i@ @,

1.3.2 Extension and representation of martingale measures as

image measures of a white noise

Martingale measures can be described as time changed image measures for white noises.
To obtain this property, it is necessary to use an extension result, (this idea is due to

Funaki [32] ), and the following theorem is thus fundamental

Theorem 1.3.3 Let (Q, F, (Fi)is0, P) be a filtered space, E and E two Lusin spaces and
M a continuous martingale measure with intensity q; (dz)dk, on Ry x E, where k; is
a continuous increasing process and (q; (dz)),so is a F;—predictable family of random
Measures.

Let r, (x,dx) be a predictable probability transition kernel from E to E and define the

predictable o— finite measure p; (dz,dz) on Ry x E x E as follows:
pe (dz,dT) = g (dz) ry (2, dT) .

Then there exists on an extension (Q xOVLFQF,P® 15) a continuous martingale meas-

wre M, (dx, d%) with intensity dkp, (dz,di) and whose projection on R, x E is M, i.e.

M, <A><E,(w,uv)) = M, (A, w), VA€ A, (w,d)e Qx>0
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Proof. Let N be the continuous martingale measure on E x E, built on an auxiliary
space <Q, F, (./%t)tzg, ]5> with intensity dkip; (dz, dZ) such that N and each F;—martingale
measure are orthogonal ( Theorem 1.1.2).

Let us consider the mapping

N, (C) :/Ot/Ers (z, C)M(ds,d:c)Jr/Ot/EXE[lc (2.7) — 1y (2, C)] N (ds, dx, d)

1o (x, %) rg (z,dT).

E
The two terms on the right of the above equality are orthogonal continuous martingale

VC € £ ® &, where r, (z,C) :/

measures. {Mt (C),t>0,CcERE } is then a continuous martingale measure with in-

tensity given by

/(O’t] dk, { /E rs (z,0) qs (dz) + /E P (dz,d3) (1c (z,3) — 7y (2,C))?

- /( dks {/ 2 (z,C) g, (dz) + /ExEqS (dz) 7y (z,dZ) (1c (2,2) + 12 (2, C) — 2r, (z,C) 1¢ (2, 7))

0,4] E
= / dk:S/ rs (x,C) qs (dx) (7rs(x,.) is a probability)
(0,4] E

_ / dk.ps (C)
(0,4]

b) Let us assume that C'is in £

1o (z) - /E v (2,d#) 10 (z) = 0 and then N (C) = My(C).
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This result can be applied to continuous square integrable martingales, by interpreting

them as degenerated martingale measures.

Corollary 1.3.1 Let n;y be a continuous square integrable martingale with increasing pro-

cess

)= [ [ o w500 (o,

(k) being a predictable family of random measures and o (s, z) a function of L*(qs(dz)dk;).

We assume moreover that n, = 0.

There exists on an extension a continuous martingale measure N with intensity 0% (s, x)qs(dx)dk,
such that

ny = N, (E).

Proof. See [22] m

Using Theorem 1.3.3, we can now state that each martingale measure is representable as
time-changed image martingale measure of a white noise. An application of this result
is given in Méléard, Roelly-Coppoletta [48]; [49]: it allows to give a sense to a stochastic
differential equation in the space of vector measures with values in L2(2) for a certain

class of measure-valued branching processes.

Theorem 1.3.4 Let M be a continuous martingale measure on (Q,F, (Ft)i0, P) with
intensity q, (dz) dk,. Let X be the diffuse o— finite measure and ¢ be the predictable process

given in Theorem 1.3.1.

1. If (ki) is deterministic, there exist an extension (Q,]},]}t, }3) of (Q,F,F;, P) and a

white noise By(w, du) with intensity A(du)dk; such that:
t
0f € Dlado)ik). Mi(5) = [ [ F (e (s.0) B lds,du).
0o Ju

2. In the general case, M is a time-changed image martingale measure of a white noise.
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Proof. We use the predictable kernel @, (z, du) defined in Theorem 1.3.1 by (|1.15)).

We consider the measure p; (dz, du) = Q; (x,du) q; (dx) , it satisfies

Vfe& Ael, /UlB (o (t,u)) lA(u))\(du):/E Ulg () La(uw)ps (dz, du)

According to Theorem 1.3.3, we build on E x U a continuous martingale measure M

with intensity p; (dz, du) dk, and whose projection onto E is M. The martingale measure

N (dt,du) = /M (dt,dz, du) has thus the intensity
E

/ Q: (z,du) q; (dz) dk; = dkel g2 M (du), 6 cemetery point.
E

N; is not a white noise, because its intensity is not deterministic. We build then on
an auxiliary space a white noise W, (du) with intensity A(du)dk; and we consider the

martingale measure
By (du) = N, (du) + 145y (i (£, ) Wi (du)

Then, B is a continuous martingale measure with deterministic intensity and is therefore

a white noise (Proposition 1.2.2).

1. Let f be in L?(qs(dx)dk,), then f o ¢ belongs to L?(dk:\(du)) and

[ [ et Blsan = [ [ 0.0 8 @0
v t [ 56 (5:0) 1 (o 1. 0) W (ds. )
=/Ot/Uf(sD(s,U))N(dsadU)

:/Ot/(]f(go(s,u))/EM(ds,dx,du)
:/Ot[E/Uf(gp(s,u))M(ds,dx,du).
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We want to compare this quantity to

/Ot/Ef(x) (ds, dz) ///f NI (ds, dz, du) .

Then
(///f (s,u)) M (ds, dx,du) ///f dsd:cdu))2]
=ELAA%}HMamw¢@W@Aammwmm4
2| [ [0 - e )] <o
Thus

/Ot/E/Uf(ga(s,u (ds,dz, du) ///f M (ds,dz, du)

M (ds,dz) P-a.s
0 E

2. The proof of the generalization is similar to the proof of theorem 1.3.2 (7).

1.3.3 Representation of vector martingale measures

The first theorem of this section gives a representation of vector martingale measures in
terms of orthogonal martingale measures, which generalizes the representation theorem

for continuous martingales in terms of Brownian motions.

Theorem 1.3.5 Let (M?);_, be n continuous martingale measures on a Lusin space F,

with intensities

@wwwwwxaéé¢m¢w%@m%wwm
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where

a;j (s, ) Ealksxakjsx)

Vik € {1,...n}, ou(s,x) € L*(q,(dz)dk,), (ki) is a continuous increasing process,
(q:(dx)) is a predictable process of random finite measures.

n

There exists on an extension n continuous orthogonal martingale measures (M K (dm))
i=1

with intensity qs(dx)dks which satisfy

/ / Yo (s,2) NM* (ds,dz) Vi€ {1,...,n}.

Proof. This theorem is proven with the same method as in [39].

We can suppose that o (s,z) = a'/? (s, ) is the symmetric square root of a(s,r) and

define

g(s,z)= 13}8 at?(s,z) (a(s,z) +el)™", Y(s,z) eRy x E.

We have

o(s,x)d(s,x) =0 (s,z)o(s,x) = Egr(s,z),

where Ef, (s, z) is the orthogonal projection onto range a (s, z) (R?) and denote Ey (s, z) =
I - ER (S, LC) .

We define then, for i € {1,...,n}, the continuous martingale measure

Z/UZ’“ s,x) f (x) M* (ds,dz) + //EN s,x) f (x) M* (ds, dx)

~ n
where (M k) are n continuous orthogonal martingale measures with intensity ¢ (dx)dk;
k=0

built on an auxiliary space. It is therefore easy to verify that

()08 @) =6 [ [ 769G atanih, 919 e Paldnin,)
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and that
;/0 /Ef(fl?)dik(s,x)Mk(ds,dx) = M (f).
[

(The calculations are carried out in the book of Ikeda and Watanabe [39] p. 90.).

Corollary 1.3.2 If we use the notations and the result of Theorem 1.3.4, and if the process
(k;) is deterministic, we can represent the martingale measures (M?);_, with n orthogonal

white noises (B');_, by

M) =3 / / £ (o (5,0)) 7 (50 (5, w)) B (ds, du)

A very interesting problem is to obtain a similar representation theorem for vector square

integrable martingales (m!)"_, whose quadratic variation process has the special form

('), = [ t [ . 0) i,

(where @ is a quadratic matrix). The aim is to represent them in terms of orthogonal
martingale measures with intensity ¢s(dz)dks. It will be used in particular to describe
solutions of martingale problems. To obtain this result, we need an extension property,
which generalizes to vector martingales the extension property obtained in corollary 1.3.1

for the dimension one.

Proposition 1.3.1 Let (mi);_, be n continuous square integrable martingales such that

my = 0. We assume that the quadratic variation process corresponding to m; and my; is
(), = [ [ s (5.2 au ()
0o JE
where: a(s,x) =0 (s,z) 0" (s,2) is a P ® & measurable matriz such that

a;j (s,x) € L2(q5(daj)dk‘s), Vi, j e {1,..,n},
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(kt),>0 18 a continuous increasing process, (q:(dx)),, is a predictable finite measure-valued
process.

Then on an extension, there exist n continuous martingale measures (M} (dx)),_, such

that VB, C € &,

(M (B), M (C)), = /0 /E 15 (2) 1o () as; (5, 2) gu(da) ks
and M} (E) = mi, Vt>0.

Proof.

a) We suppose first that the symmetric matrix A (s) = </aij (s, ) qs(dx)> e is in-
1<j<n

vertible. Let us denote by § (s) its inverse. For f in L?(qs(dx)dk,), we will denote
Q (s, f) the symmetric matrix (/aij (s,z) f () qs(dm)) i Q(s,1) = A(s).

1<j<n

A \T
It is easy to build on a larger space n martingale measures (N ’) which satisfy
i=1

(805 @), = [ [ 500y (5.0) adn)ib 5. € Pado)a),

In fact, we can define on Ry x F x {1,...,n} a martingale measure N with intensity
> heq 4s(dx)dkgdgy (dj) (see Theorem 1.3.2) and construct the martingale measures
<]\7 : (d:r:)) as follows

VA €&, N (A) = Z/o /Aaik (5,2) N (ds, do, {k}).

k=1

We may take therefore

i€{l,..,n},t>0,f € L*(q(dv)dk,),
= (Q (s, £) 0 (5)),, dm* + (5, £) 6 () N* (ds, dz)
>/ vt + > [0 [ 6 :
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(I identity matrix of M,, (R)).
It is immediate to verify that M} (E) = m!, since Q (s, E) = /A (s). Let us calculate

the intensity of (M?);_,: For every f and g in L?(gs(dx)dks), we set

(M () M (g), = D / QN ) Qs N [ aus (5.0 (o)

k=1

53 / / )8(5)) 0 ()1 = Q (5,6) 8 (5)) 0 (5,2) . (o),

kll

D)5 B) (@595 () (Q 5,75 ()
/ / )8(5)) (s, 2) (g (1)1~ Q (5,)8 (5)) ] (),

Q (s,.) and 6 (s) are symmetric matrices for every s in R, . Thus,

Q(s,f)0(s) A(s)(Q(s,9)0(5)" =Q (s, f)0(s) A(s)d(s)Q(s,9)
:Q(Svf)(S(S)Q(S:g)

and,

J U@ T = Q. 1)3(5) 0 (5.0) (9(0)T = Q 5:9) 6 () ()
[ 1@ 1= Q)3 (s as,0) (9(0) 1 = 6(5) Q (5:9))) sl
=/E[f<x>g<m>a<s,x>—f(m)a(s,m(s)ms,g)—@(s,na(s)g(m)a(s,m
f)5( >a<s x>5< )Q (5, 9)] . (dx)
/f dz) — Q (5, )6 (5) Q (s,.9).

So, (M / / fla gs(d)dk,.

b) When A (s) is not invertible, we use a method similar to that one of Ikeda and
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Watanabe [39]: We introduce the symmetric matrix 4 (s) which satisfies

Vs € Ry, b (s)A(s) = A(s)d(s) = Er(s),
where Ej (s) is the orthogonal projection onto range A (s) RY. We have
I —ER(s)=Ey(s), with Ey(s)A(s)=0, 6(s)A(s)d(s)=0
Let us consider now
VD=3 [ (@ ni), amiad [ [ (F@1- Qs 0)3() 5 (ds.dr).
> (@enie) iy 1] ).
We get
Mi(E) = Z/O (A (s)3 (S)>ik dm” + Z/U /E (I BNOY) (s))ik N* (ds, dx)
=S [ Bt + S [ [ (B () 5 s, d)
X ), (ntohwint 3 [ (2 0

e Z [ B it + Z [ [ B )8 (s

The two right-hand terms have the intensity

n

and thus vanish.

We verify easily, with an analogous calculation, that the quadratic variation (M* (f), M’ (g)),

36



Chapter 1. Martingale measures and basic properties

1S

/ot/Ef (z) g (2) aij (s, 2) gs(dx)dk,.

]
Let us give now this theorem, which is obtained immediately by application of Theorem

1.3.5 and Proposition 1.3.1

Theorem 1.3.6 Let (mi);_, be n continuous square integrable martingales, with (matriz

valued) quadratic variation process

(m',m?), = / t /E ai; (s, ) gs(dx)dk,.

n

There exist on an extension n continuous orthogonal martingale measures (M K (da:))
i=1

with intensity qs(dx)dks which satisfy

noopt
my = Z/o /EO'ik (s,x) MF* (ds,dx),¥i € {1,...,n}.
k=1

1.4 Stability theorem for martingale measures

Theorem 1.4.1 Let M be an orthogonal continuous martingale measure defined on €2 x
[0,T] x E, with intensity

v (da, dt) = qt(dCL)dkt

Let us consider a sequence of random predictable measures (v™), . converging weakly to

v on E x[0,T] P almost surely, such that
V(Ex.)=v(EX.), as.

Then there exists on an extension of probability space a sequence of orthogonal continuous

martingale measures M™ defined on E x [0,T| with intensity v™, such that
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For each predictable bounded function ¢ from Q x [0,T] x E to R, continuous in the

E—wvariable,

lim B [(M] (p) = M; (¢))*] =0.

n—-+0o00

Since v" (E x .) = v(E x .), v™ can be decomposed as v" (da,dt) = q;'(da)dk;, where
¢ (E) = 1.

To obtained this theorem, we shall prove thanks to a generalization of the Skorohod
representation theorem the existence of a sequence of random measures m” on £ x £x [0, T

satisfying
m™ (dz, dy, dt) = m; " (dz, dy) dk;

m; " (dx, E) = ¢} (dx),
m; " (E,dy) = q(dz),
and converging weakly to a measure carried only by the diagonal.

To prove this theorem we need

Lemma 1.4.1 Under the hypotheses of Theorem 1.4.1, for almost all w, there exists a

sequence of random probability measures on E x E x [0,T], m" (w,da,dd’, dt), satisfying

m™ (w, E,dd,dt) = v (w,dd,dt) = q(w, da’)dk;
m" (w,da, E,dt) = v" (w, da, dt) = q}*(w, da)dk,

and converging weakly to a random probability measure m (w, da,da’, dt) on E x E x[0,T],
such that
m (w,da,da’, dt) = v (w, da, dt) d, (da') .

Proof. Fix w € Q such that (¢'(w, da)dk;) converges weakly to ¢;(w, da)dk; on E x [0, T].
Thanks to a generalization of Skorohod’s representation theorem, one can construct an
auxiliary probability space  and random variables X" (), X (), T,, () with values

respectively in F, E, [0, 7], depending measurable on w, such that:
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(X2 (w), T, (0)) has law ¢;'(w, da)dky, (X (w0), T, (0)) has law ¢;(w, da)dk, and (X (w))

w

converges for each w of Q to X2° ().
Then (X[ (w0), X (w), T, (w)) converges (everywhere) to (X (w), X (w), Ty, (W)).

The law m™ of (X, X2°,T,) answers the problem. m

Remark 1.4.1 The time-martingale of m™ being the predictable measure dk;, the dual
predictable projection of m™ can be disintegrated in the form Qf (da,da’) dk;, where Q™ is
a predictable kernel. ( It suffices to apply the disintegration theorem for dual predictable
projections of random measures [41)).

We will then have for each P ® £ ® €& measurable function f defined on Qx [0, T|x Ex E,

E {/ f(s,a,a")ym" (da,da',ds)} =F {/ f(s,a,a") Q" (da,da’) dk,
(0,T)x B2 (0,T)x B2
Moreover, the second martingale of m™ being the predictable process (q;),
Qr (E,dad") = q (da') dk;® P a.s.

In the same way, the predictable measure m is disintegrated in the form @ (da,da’) dk;,
where () is predictable kernel.

Now, we proof the Theorem 1.4.1, and we use in this proof the Theorem 1.3.3.

Proof. We naturally use the martingale measure M™ constructed above.

The first martingale measure of M" defines an orthogonal continuous martingale measure

M"™ on E x [0,T] as follows

VA e &Vt e0,1],
//Qn (A, d) da,;ds)‘f'/t/ (]—A (a) —QZ (A,a’)> R (da,dd,ds) .
0 JEXE

The sequence of martingale measures (M™) approximates the martingale measure M in

the sense of Theorem 1.4.1:
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Consider first a continuous bounded function ¢ defined on F.

According to the above results, we have

// a) M™ (da, da’, ds) ; // "\ M™ (da,dd’, ds) .
EXE ExE

Thus,
E[(M} () = M; (9))"] = B ( [, et —pt@yir dna. ds)ﬂ

_F / t | @) =@ @ (da.da) dks}

[ [ e n o as)]

by definition of the predictable projection of m™.

According to Lemma, 1.4.1, this tends to 0 when n tend to infinity, using the boundedness
of ¢ and Lebesgue’s dominated convergence theorem.

The generalization of this result to predictable function ¢ continuous in the F—variable
is obtained thanks to the following result: it is proved in [40] that the weak topology
on R (space of Radon measures on E x [0,7T] whose projection on [0,7] is the Lebesgue
measure) is the same as the stable topology, i.e. the topology where the convergence is

required for measurable bounded functions continuous in the £'—variable. m

Remark 1.4.2 a) Moreover, by Doob’s inequality, we obtain that

E |sup (M () — M; (¢))?

t<T
tends to 0 when n tends to infinity.

b) The above construction implies in particular that

VYne NVt [0,T], M (E)= M (E).
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1.5 Approximation by the stochastic integral of a Brownian
motion

An amusing application of the next theorem is the following: if F is a compact set, each
continuous martingale measure can be obtained as a limit in L? () of sequence of time-

changed stochastic integrals with respect to a single Brownian motion.

Theorem 1.5.1 We assume that the Lusin space E is a compact set. Let M be a con-
tinuous orthogonal martingale measure with intensity q;(da)dt on E x [0, 1].

Then, there exists a sequence of predictable E—valued processes (uk (s)) e and a Brownian
motion W defined on an extension of the probability space €2, such that

Vt € [0,1],Y¢ a continuous bounded function from E to R,

(Mt (#) - / 6 (4 () dwsﬂ 0,

This theorem derives from Theorem 1.4.1 and a fundamental approximation lemma ob-

lim F
k—+o0

tained first for deterministic measures and then generalized for random measures [27], [24],
known under the name of chattering lemma.
A similar result for more general intensity ¢;(da)dk; (k is continuous) can be deduced by

time change.

Lemma 1.5.1 (Chattering lemma) Let (q;) be a predictable process, with values in the
space of probability measure on E. Then there exists a sequence of predictable processes
(u* (1)) ren With values in E such that the sequence of random measures ((5u§ (da) dt)

converge weakly to q; (da) dt, P — a.s, where k tends to +o00.

Proof. We will prove here the Theorem 1.5.1.
Let M be an orthogonal continuous martingale measure with intensity ¢; (da) dt, defined

on E x [0,1], where E is a compact set. We have see, in chattering lemma that the
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random measure ¢; (da) dt defined on Q2 x E x [0, 1] is approximated by a sequence of
atomic measures of the form 5uf (da) dt, for the weak topology on the space of measures
on F x [0,1], and this being true for almost all w of €.

By Theorem 1.4.1 there exists a sequence of orthogonal continuous martingale measure
MP* with intensity 0, (da) dt which converges to M.

The martingale measure M* can be represented as stochastic integrals with respect to the

same Brownian motion. Indeed, we have in Proposition 1.2.1, that for each A of F,

t
Mtk (A) = / 14 (uk) dmf,
0

where m" is the continuous martingale defined by my = M} (E).

But we have noted in Remark 1.4.2.b), that for each k of N, M (E) = M, (E) .

M (FE) is a continuous F;—martingale with quadratic variation process ¢, thus it is a F;
Brownian motion (independent of % ) that we shall denote by .

We have finally obtained that for each continuous bounded function ¢

t
Vi e [0,1], M} (o) = / o (ut) AW,
0

and that

lim F

k—-+oco

(Mt () — /0 o () dWs>2] 0

Remark 1.5.1 Since, for each function ¢, M (p) is a continuous martingale with in-

/Ot (/E ¥* (a) qs(da)) ds,

M (¢) can be represented as a stochastic integral with respect to Brownian motion N¥ in

creasmg process

the form

¢ 1/2
Mio) = [ veanz ouve - ( & @ qs<da>) .
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It is clear that V¥ is not linear in ¢ and the Brownian motion N¥ depends on .

The interest of Theorem 1.5.1 is to give an approximation of M; () in L? (2) by stochastic
integrals with respect to a "canonical" Brownian motion, that is not depending on the

function ¢.

Remark 1.5.2 In the case where the time martingale of the intensity of the martingale
measure is not the Lebesque measure, but a random measure dk;, k being continuous and
mcreasing, a stmilar result can be obtained thanks to time change. Let us consider the
wverse of ky

7 =inf{s > 0, ks > t},

Ty 1s continuous and increasing from [0, 1] to [0, 1].

The random function N defined on 2 x € x [0, 1] by
Ni(A) = M, (A)

is then a Fy—martingale measure with intensity ¢, (da) dt.

According to Theorem 1.5.1, one can define a F,, —Brownian motion W and a sequence of
E—valued predictable processes (@*) (for the filtration 7, ) such that for each event A

of £, the sequence fot 14 (@¥) dW, converges (for each ¢ ) in L? (Q) into N, (A).

Remark 1.5.3 We deduce from it that for each continuous bounded function ,

(o [ dw)] “o

lim F
k—+00
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Chapter 2

A general stochastic maximum

principle for control problems

In this chapter we study the following type of stochastic optimal control problem.

Minimize a cost function

J(u(.)) :E/O ftx(t),u(t))dt+ h(x(T))

subject to
de (t) =b(t,z (t),u(t))dt +o(t,x(t),u(t))dW (t)
x (0) = xo,

in the above, u () is the control variable valued in a subset of R¥, z (t) is the state variable,
W (t) is an m—dimensional standard Brownian motion, and f, h, b, ¢ are given maps.
The object is to obtain a necessary condition, called the maximum principle, for optimal
control.

There are many works concerning this subject (see [15], [37], [38], [44]). A difficulty is
treating the case where the diffusion coefficient o contains the control variable u. Ben-

soussan [14], [I5] studied such a case. The maximum principle he obtained is of local
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condition, and his method depends heavily on the control being convex. In this problem,
since the control domain is not necessarily convex, we must obtain the maximum principle
in its global form. A classical way of treating such a problem is to use the "spike variation

method" [57].

2.1 Statement of the Stochastic Maximum Principle

First recall the strong formulation of the stochastic optimal control problem, then intro-
duce some assumptions.

Let (Q, F, (ft)tzo , P) be a given filtered probability space satisfying the usual conditions,
on which an m—dimensional standard Brownian motion W (¢) (with W (0) = 0) is given.

We consider the following stochastic controlled system

de(t) =b(tx(t),u®)di+ ot (), u()dW (@) 0,7] (2.1)
z (0) = xo,

with the cost functional

J(u(.)):EUO Ftx(t),ult)dt+h(x(T))|. (2.2)

In the above, b : [0, T|xR"xU — R", 0 : [0, T|xR"xU — R™™ f:[0,T]xR"xU — R,
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and h : R — R. We define

b (t,x,u)
b(t,x,u) = ,
b (t, z,u)
o(t,r,u) = (o' (t,z,u),...,0" (t,z,u)), (2.3)
oli (t,x,u)
ol (t,r,u) = : 1<) <m.
o™ (t,z,u)

Let us make the following assumptions

(So) (Ft),»¢ is the natural filtration generated by W (¢), augmented by all the P—null

sets in F.
(S1) (U,d) is a separable metric space and 7" > 0.

(S2) The maps b, 0, f and h are measurable, and there exist a constant L > 0 and a
modulus of continuity w : [0,00) — [0,00) such that for ¢ (t,z,u) = b(t,z,u),

o(t,z,u), f(t,z,u), h(z), we have

Vte [0,T], z,2€R" waeclU
lo(t,0,u)] < L, V(t,u) € [0,T] x U.
(2.4)
(S3) The maps b, 0, f and h are C? in x. Moreover, there exists a constant L > 0 and a

modulus of continuity w : [0, 00) — [0, 00) such that for ¢ = b, 0, f, h, we have

0w (2, u) — p (t,2,8)| < Lz — 2|+ (d (u, ),
|ae (B, 7,0) — Que (t,2,0)] <@ (|2 — 2|+ d(u,0)), (2.5)
vt € [0,T], =& €R" wu,a€U.
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Assumption (Sg) signifies that the system noise is the only source of uncertainty in the
problem, and the past information about the noise is available to the controller. This
assumption will be crucial below.

Now we define
U, T ={u:[0,T] x Q@ — Uluis (), — adapted } . (2.6)

Given u (.) € U [0,T7], equation is an SDE with random coefficients. From Yong-Zhou
[60] (Chapterl, Section 6.4), they find that under (Sp)-(S2), for any w (.) € U [0,T], the
state equation admits a unique solution z (.) = z (., u (.)) and the cost functional
is well-defined. In the case that x (.) is the solution of (2.1) corresponding to u (.) € U [0, 77,
we call (z(.),u(.)) an admissible pair, and x (.) an admissible state process (trajectory).

Our optimal control problem can be stated as follows.
Problem 2.1.1 Minimize over U [0,T].

Any @ (.) € U [0, T] satisfying

J(u(.)) = u(.)iegf[O’T]J(u (-) (2.7)

is called an optimal control. The corresponding Z (.) = z(.,u(.)) and (Z(.),u(.)) are
called an optimal state process/trajectory and optimal pair, respectively.

Notice that the strong formulation is adopted here for the optimal control problem see
Yong-Zhou [60] (chapter 2, section 4.1 for more details). The next goal is to derive a set
of necessary conditions for stochastic optimal controls, similar to the maximum principle

for the deterministic case. To this end, we need some preparations.
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2.1.1 Adjoint equations

In this subsection we will give adjoint equations involved in a stochastic maximum principle
and the associated stochastic Hamiltonian system.

Recall that S” = {4 € R™"|AT = A} and (z(.),u(.)) be a given optimal pair.

We knew that in the deterministic case the adjoint variable p (.) plays a central role in
the maximum principle. The adjoint equation that p(.) satisfies is a backward ordinary
differential equation (meaning that the terminal value is specified). It is nevertheless
equivalent to a forward equation if we reverse the time. In the stochastic case, however,
one cannot simply reverse the time, as it may destroy the non anticipativeness of the
solutions. Instead, we introduce the following terminal value problem for a stochastic

differential equation

Here the unknown is a pair of (7)., —adapted processes (p(.),q(.)). We call the above
a backward stochastic differential equation (BSDE, for short). The key issue here is
that the equation is to be solved backwards (since the terminal value is given); how-
ever, the solution (p(.),q(.)) is required to be (F;),,, —adapted. Any pair of processes
(p(.),q () € LL(0,T;R™) x (L% (0, T;R"™))™ satisfying is called an adapted solution
of (2.9).

The adjoint variable p (.) in the deterministic case corresponds to the so-called shadow price
or the marginal value of the resource represented by the state variable in economic theory.
The maximum principle is nothing but the so-called duality principle: Minimizing the total
cost amounts to maximizing the total contribution of the marginal value. Nevertheless,

in the stochastic situation, the controller has to balance carefully the scale of control and
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the degree of uncertainty if a control made is going to affect the volatility of the system
(i.e., if the diffusion coefficient depends on the control variable). Therefore, the marginal
value alone may not be able to fully characterize the trade-off between the cost and control
gain in an uncertain environment. One has to introduce another variable to reflect the
uncertainty or the risk factor in the system. This is done by introducing an additional

adjoint equation as follows

(

FY WA QW QWA 0 B0) (29
FH (1 (0),1(6),p (1) g ()] de+ D20, ()W (1)

where the Hamiltonian H is defined by

H (t,z,u,p,q) = (p,b(t,x,u)) + tr [qTa (t,x,u)} — f(t,z,u), (2.10)

(t,z,u,p,q) € [0,T] x R" x U x R" x R™™,

and (p(.),q(.)) is the solution to (2.8). In the above (2.9), the unknown is again a pair
of processes (P (.),Q(.)) € L% (0,T;8") x (L% (0,T;8™)™.

Incidentally, the Hamiltonian H (¢, x, u, p, q) defined by coincides with H (¢, z,u,p)
defined by when o = 0.

Note that equation is also a BSDE with matrix-valued unknowns. As with ,
under assumptions (Sg)-(S3), there exists a unique adapted solution (P (.),Q (.)) to (2.9).
We refer to ([2.8) (resp. (2.9)) as the first-order (resp. second-order) adjoint equations, and
top(.) (resp. P (.)) as the first-order (resp. second-order) adjoint process. In what follows,
if (z(.);u(.)) is an optimal (resp. admissible) pair, and (p(.),¢(.)) and (P (.),Q (.)) are
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adapted solutions of (2.8]) and (2.9)), respectively. then (z (.),a(.),p(.),q(.),P(.),Q(.))

is called an optimal 6-tuple (resp. admissible 6-tuple).

2.1.2 Maximum principle and stochastic Hamiltonian systems

Now we are going to state the Pontryagin-type maximum principle for optimal stochastic
controls. At first glance, it might be quite natural for one to expect that a stochastic
maximum principle should maximize the Hamiltonian H defined by (2.10). Unfortunately,
this is not true if the diffusion coefficient ¢ depends on the control.

Next, associated with an optimal 6-tuple (Z (.), @ (.),p(.),q(.),P(.),Q(.)), we define an

‘H-function

H(t,z,u)=H (t,x,u,p(t),q(t)) — %tr lo(t,z(t),u(t) P(t)o(t,z(t),u(t))]
+atr{lo (ta,u) —o (6,3 (), a ()" Pt)[o(t,z,u) — o (t,Z(t),a(t)]}

= 1trlo (t,z,u)" P (t) o (t,z,uw)] + (p,b(t, z,u) — f (t,z,u

) (2.11)
+tr[q(t) o (t,x,u)] —tr o (t,x,u)" P(t)o (t,z(t),u(t))]
=G (t,z,u,p(t),P(t)) +tr{c(t,z,u) [qt) — P{t)o(t,z(t),u(t))]}.

Notice that an H-function may be defined similarly associated with any admissible 6-tuple

(@ () ul)p(),q(), P(),Q())

Theorem 2.1.1 (Stochastic Maximum Principle) Let (Sp)-(Ss) hold. Let (Z (.),u(.)) be

an optimal pair of Problem 2.1.1. Then there are pairs of processes

(p().a() € L% (0,T;R") x (L% (0, T;R™))"™
(P(),Q()) € LF(0,T;8") x (L% (0,T;8™)"

(2.12)

where

Q() - (QI () y e Am ())7 Q () - (Ql () ) 7Qm ())7
g () € (L% (0, T;R")), @Q; ()€ L5(0,T58"),1<j<m,

(2.13)

50



Chapter 2. A general stochastic maximum principle for control problems

satisfying the first-order and second-order adjoint equations (2.8) and (2.9), respectively,

such that

2 (2.14)
[0 (t,2 (), u(t) —o(t,z(t),u)]) 20,

VueU, ae tel0,T], P—a.s.,
or, equivalently,

H(t,z(t),u(t)) =maxH (t,z(t),u), ae t€[0,T], P —a.s. (2.15)

uelU

The inequality (2.14) is called the variational inequality, and (2.15) is called the max-
imum condition. Note that the third term on the left-hand side of (2.14]) reflects the risk
adjustment, which must be present when o depends on u.

Let us single out two important special cases.

Case 1. The diffusion does not contain the control variable, i.e.

o(t,z,u) =0 (t,x), V(t,z,u)€[0,T] xR"xU (2.16)

In this case, the maximum condition (2.15]) reduces to

H (2 (1), (1), p (1), 0 (1) = maxH (17 (1) ,u,p (1) (1)), ac. t€0,T], P-as.
(2.17)
which is parallel to the deterministic case (no risk adjustment is required). We note

that in this case, equation (2.9) for (P (.),@(.)) is not needed. Thus, the twice

differentiability of the functions b, o, f and h in x is not necessary here.

Case 2. The control domain U C R” is convex and all the coefficients are C' in . Then
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(2.14)) implies

(H, (t,z(t),u(t),p(t),q@),u—u(t) <0,Yuel, ae tel0,T], P—a.s.
(2.18)

This is called a local form (in contrast to the global form (2.14) or (2.15))) of the

maximum principle. Note that the local form does not involve the second-order

adjoint process P (.) either.

Analogous to the deterministic case, the system (2.1) along with its first-order adjoint

system can be written as follows

dr (t) = Hy (t,x (t) ,u(t),p(t),q (1) dt + Hy (8, (1), u(t),p(t),q(8) dW (1),
dp (1) = —H (t,z (t) ,u(t),p(t),q () dt + q (1) dW (1), t €0, 77,

x (0) = o, P(T) = —h, (z(T)).
(2.19)

The combination of (2.19)), (2.9), and (2.14)) (or (2.15))) is called an (extended) stochastic
Hamiltonian system, with its solution being a 6-tuple (x (.),u(.),p(.),q(.),P(.),Q(.)).

Therefore, we can rephrase Theorem 2.1.1 as the following.

Theorem 2.1.2 Let (Sy)-(S3) hold. Let the precedent Problem 2.1.1 admit an optimal
pair (Z(.),u(.)). Then the optimal 6-tuple (Z (.),u(.),p(.),q(.),P(.),Q(.)) of the pre-
cedent Problem 2.1.1 solves the stochastic Hamiltonian system , (@, and
(or ).

It is seen from the above result that optimal control theory can be used to solve stochastic
Hamiltonian systems. System ([2.19) (with w (.) given) is also called a forward-backward

stochastic differential equation (FBSDE, for short).
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2.2 Proof of the Maximum Principle

In this section we are going to give a proof of the stochastic maximum principle, Theorem
2.1.1. The idea is still the variational technique. However, due to the presence of the
diffusion coefficient, which may contain the control variable, the method that works for

deterministic case has to be substantially modified to fit the stochastic case.

2.2.1 Moment estimate

In this subsection we prove an elementary lemma, which will be useful in the sequel.

Lemma 2.2.1 Let Y (t) € L% (0, T;R™) be the solution of the following

dy (1) = [A()Y () + a (t)] dt + Z [BY () Y () + 67 (t)] dW7 (t) 2.20)

where A, B : [0,T] x @ — R™™ and o, (7 : [0,T] x Q@ — R" are (F),5,adapted, and

|A@)|,|B ()| < L, ae. tel0,T],P—as.,1<j<m,

ESI
I
Va)
N———
%

T NEt T ' ]2 (2.21)
/ [E|a(s)| } ds+/ [E|Bﬂ(s)| ] ds < 00,1 < j <m,
0 0
for some k > 1. Then
T 1 2k m T
sup EIY (1) < K | B|Yo[* + ( | [Elaer]” ds) +2 ( | (el P
te[0,T 0 j=1 0
(2.22)
Proof. For notational simplicity, we set the prove only in the case m = 1 (i.e., the

Brownian motion W (t) is one-dimensional). Thus, the index j in B’ (.) and 87 (.) will be

dropped. We first assume that «(.) and S (.) are bounded. Let ¢ > 0 and define

), =+\/|Y]?+e, VYecR" (2.23)
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Note that for any € > 0, the map ¥ — (Y)_1is smooth and (Y). — |Y| as e — 0. The
purpose of using such a function is to avoid some difficulties that might be encountered
in differentiating functions like [Y|** for noninteger k. Applying Ito’s formula to (Y),, we

have

E(Y ()2 < E(Y (0))" + QkE/O (Y ()T IAS)NY (), + la(s)]] ds

+k(2k —1) E/O (Y ()P IB () (Y (5)), + 18 (s)[]* ds

) (2.24)
<EY O+ KB [ [V )+ Ja (o) (¥ ()
0
18 (5) (Y ()27 as.
Here Ky = Ky (k, L) is independent of ¢. Applying Young’s inequality, we obtain
t
EY (W) B O +KE [ [V @) +la@ + 3o @)
0
Hence, it follows from Gronwall’s inequality that
2% 2%k T 2% 2%
BY O <K (BY O +B] [la@F 186 as).

te0,7].

Here K = K (L, k,T). Note that since we assume for the time being that « (.) and /3 (.)
are bounded, the above procedure goes through (otherwise the integration on the right-
hand side of ([2.25) may not exist; see (2.21))). Next, we want to refine the above estimate

so that (2.22) will follow. To this end, note that (2.25) implies that its left-hand side is

bounded uniformly in ¢ € [0,7]. Thus, we may set

o (t) = [sup E({Y (s)ﬂ%, telo,T]. (2.27)

€
0<s<t
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We now return to (2.24), using (2.27). Define § = (4K,)"". Then, for any ¢t € [0,0],

applying Holder’s inequality and Young’s inequality, we obtain
t %
(1 < (0 + Ko {so O 4o [ (Bla(e)) " ds+ o (" / B8 (s)1*)
t ° 1 2k ° 1
(Lol {[tororya)]
0

The constant K7 = K; (k, L,0) in (2.28)) is independent of ¢. From ([2.28)), we obtain

<@ (0)* + 3o ()™ + K

¢(t)2kg2¢<0)2’“+2f<1{(/0t [E|a(s)|2’ff’“ds)2k+(/o [Ew( )|2’“]i s>k} Yt € [0,6].

(2.29)
Now we can do the same thing on [§,2d] and on [24, 3)], and so on. Finally, we end up

with

o (1) SK{wW (/ [E|a<s>|2’“}21’cds)%+ (/ 213" a )} (2:30)

with the constant K = K (L, k,T,0). By (2.27), the definition of ¢ (¢), we conclude that

2k

sup E(Y ()2 < K {<Y o ([ [P i) +( NEEER d)} .

(2.31)
Letting € — 0, we obtain (2.22)). Finally, in the case that we only have ({2.21)) (instead of

a and 3 being bounded), we can use the usual approximation. =

2.2.2 Taylor expansions

The following elementary lemma will be used below.

Lemma 2.2.2 Let g € C* (R™). Then, for any x,T € R",

9(33):9(3_7)—1—(93;(5:),1'—%)—1—/0 (0gee (02 + (1 —0)x) (x — ), 2 — ) dh.  (2.32)
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Now, let (Z (.),u(.)) be the given optimal pair. Then the following is satisfied

A (0= (1), 5 @) d+o (620 @)W | oo
z (0) = xo,

Fix any u(.) € 4 [0,7] and € > 0. Define

u(t), t €[0,T]\E.,

u(t), te kb,

(2.33)

(2.34)

where E, C [0, 7] is a measurable set with |F,| = €. Let (z¢(.),uc (.)) satisfy the following

dze (t) =b(t,z (), u (1)) dt + o (t,2° (t) ,u (t)) dW (t)
z€(0) = o, te0,7].

Next, for o = b',0%, f (1 <i<n,1<j<m), we define

P () =0e (LT (1), 0 (1), ur () = 0ua (£, 7 (), 0 (1))
dp ()= (t.z(t),u) —ez(t),u(t)),
Oz (t) = ¢ (£, (1) ,u (1) — @ (£, 2 (t) U (t
[ 0Paa (8) = @ua (4, T (1), u (1)) — $ua (6,2 (1), (1))

~—
~—

(2.35)

(2.36)

Let y°(t) and 2°(t) be respectively the solution of the following stochastic differential

equations

@%@=%@wﬂﬂﬁ+23%@wﬁﬂ+Mﬂﬂhxmﬂwﬁ%

y“(0) =0, t<[0,77,
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and
(a1 = [0, (1) <>+5b<>1E€<t>+%bm<t>y6<t>2}dt
+>_ [0 )+ 807 (1) y* (8) L. (8) + 505, (8) y* (1)*] AW (1), (2.38)
2 (0) = 0, te0,7],
where

(2.39)

tr(ogd (t)y* () y* (1))
The following result gives the Taylor expansion of the state with respect to the control

perturbation.

Theorem 2.2.1 Let (S1)-(S3) hold. Then, for any k > 1,

sup E|z° (t) — 3 (1)[*" = O (¢¥) (2.40)
te[0,7
sup E [y (1) = O (), (2.41)
te[0,7)
sup E |25 ()" = 0 (%), (2.42)
te[0,T
sup B |2°(t) — 7 (t) — y* ()] = O (¢*), (2.43)
t€[0,T]
sup B |2€ (t) — 7 (t) — y° (t) — 2 () = o (¢*). (2.44)
te[0,7
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Moreover, the following expansion holds for the cost functional

J(ue () = J(@() + E(he (z(T)),y* (T) + 2°(T)) + 3 E (haw (2 (1)) y* (T) , y (T))

tE /O [(fo (8) 55 () + 2 () + 5 (foa () Y (£) 5 (£)) + 6. () 1, (£)] dt + o ()
(2.45)

Proof. The proof of the above theorem is rather lengthy and technical. For simplicity of
presentation, we carry out the proof only for the case n = m =1 (thus, the indices i and

j will be omitted below).

1. Proof of (2.40) and (2.41) Let (°(t) = z°(t) — Z (1) ,, then we have

A (1) = [be ()G (1) + 80 (0) L. (8)] dt + (65 (1) € (1) + 6r (1) 1, (D] AWV (1),

CE(O):(], tE[O,T],
(2.46)
where )
b (0) = [ b2 (1) 46 (1)~ o 6)) (1)) .
0, (2.47)
5 <t>:/oax<tx<t>+e< (1) — & (8)) e (1)) do
By Lemma 2.1.1, we obtain
tS[%%]EKG <K (/ {E|5b )1g. (s)] } ds) k
+K( {10 s <s)|2’“}’“ds> (2.48)
<K 6% + ek) < Ké*.

This proves (2.40)). Similarly, we can prove (2.41).
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2. Proof of (2.42) Form (2.38), Lemma 2.1.1 and (2.41]), we have

sup B |2 (1) < K ( / ) {E10(5) 15, (5) + 3buw (5) ' <s>2|2’“}21k d)

te[0,7

+K ( OT {E 1602 (5) 1. (8) 4 (5) + L0 () 3 (3)2}2’“}’1“ ds)k

This gives (2.42).

3. Proof of (2.43) Set
N (t) =2 () =2 (8) =y () = ¢ (1) =y (1) (2.50)

By ([2.46) and (2.37), we have

i (8) = B (8) € (1) + 00 (1) L (£) = by (1) (1)

- <> <>—ax<t>y (1) () aw (1)
)+ b (1) 15 (1) + (B () = 0o (1)) e (8)] b
15 ()0 (1) + (55 (6) = 00 () y* (1) ()] AW (1),

(2.51)

lﬁ
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Thus, it follows from Lemma 2.1.1 that

E|n€(t)]2k§K</oT{ s 1E<>+(6;<s>—b<>) >}d>
v ([ (Bl v (s )
§K<e+/OT<E|’y€()| ( )d)

e ([ (Bl o) (E\(ax<s>—o—x<s>>r4’“) )
<K [e% + ek (/OT (E ‘b (5) — by (s)rk);k ds) %]

([ (Bl - o ton™)* d)] .

Note that (by (S;) and (2.40))

[ (2o -n0 ) is= [ o] [0 (5:316) £ ()~ (9) 0 5)
b, (5,7 (s), @ (s)) d9|4k] " ds

< [ B ) - 2 )+ 15. ()} s

<K {e+/OT {E\xe (s) —a‘:(s)|4k}41kd3} < Ky

+K

(2.52)

(2.53)

Similarly, we have
T 1
/ (B165 () 0 () *) " ds < Ke, (2.54)
0

then (2.43) follows from (12.52)).
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4. Proof of (2.44) Set

(2.54)
=n(t) —2°(¢)
It is clear that
dée(t) = B(t)dt + A (t)dW (t), (255)
£ (0) =0,
where (noting (2.33)-(2.38) and Lemma 2.2.2)
B(t)=0b(t,z (), u (1)) —b(t, 2 (t),u(t) — bs () [y (t) + 2 ()]
_%bm )y (t>2
= b, (£, T (t) ,uc (£)) C° () + 3B, () ¢ ()
b (0) [ (1) + 2 (8)] — Sbea (1) (1)
(2.56)

— b (£)€° () + b, (£) 1 (1) C° (1)
4 B (1) = b (12 (1), 0 ()] €

— b, (D)€ (£) +a* (1),
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and

A(t) = o (t, 2 (t),u (1) —o (6,7 (1), u (1)) — 0x () [y (1) + 2 (¢)]
—3000 (1) y* ()" = G0, () L. (1) y° (1)
= 0 (1,2 (), u (1)) ¢ (8) + 555, (8) ¢ (1) — 0 (1) [y () + 2 (1))
—5000 (1) y (1)° = do, (t) L, (1) y° ()
= 02 () & (t) + 004 () 1e. (8) n° (1)
+5 (65, (8) — 00e (1,2 (1), u (£))] ¢ (t)°

3000, () L. (1) € (87 + B (1) [C° () — o ()7]

=0, ()€ (t) +B°(1),
with )
b (1) = 2/ O, (1,07 (1) + (1 — 0) 2 (£) , ue (1)) dO,
5 (1) = 2/19% (1,07 (£) + (1— 0) 2 (£) ,u* (¢)) db),
and

[ (1) = 8b. () 1 (1) (1) 5 [B8, (1) = b (17 (0), e (0)] ¢ (0
+10b,, (1) L (£) € (1) + Lbay (1) [ (1) — y° ()],
B(t) = b0, (8) 1p. () n° (1) + 3 (65, (t) — 00w (8,2 (£) ,uc (£))] < ()

3000, (1) L. (1) € (67 + B (1) [C° (7 — o7 (0]

\

(2.57)

(2.58)

(2.59)

In order to use Lemma 2.2.1, we need to estimate ac(.) and §¢(.). To this end,

recall that @ appearing in (S3) is a modulus of continuity for b,, (¢, .,u) (uniform in

t €[0,7] and u € U). Thus for any p > 0, there exists a constant /K, > 0 such that

w(r) < p+rKk,, Vr > 0.
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Consequently,

Do (1) = buw (1,7 (1), u° (t))‘ <w (¢ (B]) < p+rK, ¢ (1) (2.61)

Recalling (2.50) and (2.59), as well as 2.43), we can estimate a¢ (.) as follows

/0 (Bl () * a < / ) { (B18b. (1) 15 (1) ¢ ()™
¥ (E 4 [ () = b (17 1), (1)) ¢ @2)2’“) :
+ (B b )15, () ¢ (07) *
(B 3 ) e 0 e 0)*) *
< i [ e (Bl o) 410 (Bl 0)
+(Elp+ K, I )™ (Bl @ )’“
(

(2.62)

SK{€%+€(p+\/EKp)+€2+E%}

this implies

Similar to (2.61]), we have

1050 () = 0ua (6,7 (8) , u (1)) < @ (IC°(1)]) < p+7E, [C° ()] (2.63)
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As with (2.62)), we can estimate ¢ (.) as follows.

[ (= or >1kdt</OT{<E|50z(t)1Eg @y @)

4 (B 3165 ) — o (02 0) ()] ¢ 0

1
+ (E}%(wm 6 2|2k)k

==

~+

1
|2k &

(E|;am 1) b
<K/ {1E E|77 )i (E|§6 )’1
(Bl o )1’“(E|¢f<>| )2’“
+ (B @) (Ble @)+ 01)* fa

SK{E+e(p°+eK2) +E+6)

(2.64)

thus
T 1
/ (B18 () dr =0 (). (2.65)
0
Then, by Lemma 2.2.1, we obtain (2.44]).

5. Proof of (2.45) By Lemma 2.2.2, we have

— E(h(@ (1)), (T))

[ O 07 (1) + (0 )2 (D) () ¢ (1)
v [ 070150+ U2 (0,700 ()¢ )
(O 1,07 (1) + (1 0) 2 (D] ¢ (1), C* (1)) dO) do
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Now, recalling the definitions of (¢, n° and &¢, we have

+B 48 ()1 (0)+ (0 ()6 (0) 1. (0

U ()5 () 2 (0) + {2 (8), (1)

+:£1<[ﬁm(tﬁw(ﬂ-+(l—H)xéﬁﬁf(®7u€@D

e (70,0 ()] € (1) ¢ (1) df

L (3 (1) €€ 1, (1)
)y

+5 (faa () y° (1), 47 (1)) + 5 (fow () 0" (1), €+ 37 (1) } dt.

Then, by (2.40)-(2.44)), we can show that

T () = T (@()) = E (b (2 (T)) .4 (T) + 2 (T)) + 1 {haw (2 (T)) o (T) 5 (T))
+E/ (e ()0 (1) + 25 () + 1 (Foa (D) 7 (1) 5 (1)

of (t)1p. ()} dt + R (e) :
(2.66)

where R (€) is of order o (¢). Hence, our conclusion follows.
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2.2.3 Duality analysis and completion of the proof

From Theorem 2.2.1, we conclude that a necessary condition for a given optimal pair

(z(.),u(.)) is the following

0< {Eh, Y (T) + 2 (T)) + L (haa (3 (1)) y (), (T)) }
1B / {0 (8) 55 () + 2 (0) + & (Fow (07 (1), 37 () (2.67)
g (t)}dt+o(e), Vu () €U0,T],Ve > 0,

where y¢(.) and z¢(.) are solutions to the (approximate) variational systems ([2.37)) and
(2.36)), respectively. As in the deterministic case, we are now in a position to get rid of

y°(.) and 2 (.), and then pass to the limit. To this end, we need some duality relations

between the variational systems ([2.37] and the adjoint equations ([2.8)) and ( -

Lemma 2.2.3 Let (Sy)-(S3) hold. Let y°(.) and z°(.) be the solutions of and

(2.38), respectively. Let (p(.),q(.)) be the adapted solution of (2.8). Then

E{p(T),y"(T)) = / [(f= (8), 4" (1)) +tr (¢ ()" 60 (1)) 1p. ()] dt, (2.68)

and
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Adding (2.68) and (2.69)), and appealing to the Taylor expansions given in Theorem 2.2.1,

we get

—E (he (2(T)) 4 (T) + 2°(T)) = E/O {{fe (8,57 (8) + 2 (8) + 5 (P (1) b (1)~ (1))

+[Z<% oL (05 (%) + {p (1) .0 () + tr (q (1)" b0 (1)) 1Es<t>}dt+o<e>
(2.70)

Thus, by (2.44) and the optimality of @ (.), we have

0> J(u () — T (a())
= 1B (e (2 (1) 4 (), (T))
Iy / = e (0 (8) 5 () + (p (1) b (D) 5 (£)2)

+ Z <(JJ ) Ol (t)2>} dt

/ ) 00, (2.71)
+Z 1g. (t)dt +o(e)
E ve )
+E/ {tr we ()Y ()] +0H () 1p. (t)} dt + o (e),

where

Ye(t) =y )y (t)"
Hyo (8) = Hyy (8,7 (8), 0 (1) ,p(£),q (1)), (2.72)
GH(t)=H (t,z(t),u(t),p(t),q@) - H(t,z(t),u(t),p),q())

We see that (2.71)) no longer contains the first-order terms in 3¢ (.) and 2¢(.). But, unlike
the deterministic case, there are left some second-order terms in y° (.), which are written in
terms of the first-order in Y (.). Hence, we want further to get rid of Y (.). To this end,

we need some duality relation between the equation satisfied by Y (.) and the second-order
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adjoint equation (2.9) (which is exactly where the second-order adjoint equation comes
in). Let us now derive the SDE satisfied by Y (.). Applying Ito’s formula to y (¢) y (¢)"
and noting (2.38)), one has

dY* (t) = {bs ()YE()+Y€()5 (1)

+§m:ag ()Y (t) ol +Zaaﬂ t) 807 (t)5, 1 (1)

Y (L Oy (1)o7 (1) + 807 (1) y* (1) 0L (1)) 1, <t>} dt (2.73)

Il
—

J

_|_

NE

(0 ()Y (1) + Y (1) ol (1)) AW ()

<.
Il
—

NE

+) (607 () y* ()" +y° (t) 607 (1)) L. (£) AW (1) .

<.
Il
—

To establish the duality relation between (2.73) and (2.9)), we need the following lemma,

whose proof follows directly from It6’s formula.

Lemma 2.2.4 Let Y (), P(.) € L% (0, T,R™™) satisfy the following

ay (t) t)dt + Z\If ) dW7 (¢
(2.74)
dP (t) = © (t)dt + ZQ] t) W (¢

with ® (\), ¥, (.),0(.) and Q; (.) all being elements in L% (0, T,R™*™). Then

) } » (2.75)

E{tr[P @)Y ()] = tr[P(0)Y (0)]}

_ /{t OMY 1)+ PO+ Q) (1)
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Proof. (Theorem 2.1.1) Now we apply the above lemma to (2.73)) and (2.9) to get the
following (using Theorem 2.2.1, and noting tr (AB) = tr (BA) and Y (0) = 0)

E{tr[P(t)Y< ()]} 2.76)
—E [ tr(d0(t) P(t)60 (1) 1g, (t) — Hew () Y (1)) dt + 0 (c), '

where
Hyp (1) = Hyo (8,2 (1) ,u () ,p (1), 4 (1))
do(t)=0o(t,z(t),u(t)) —o(t,z(t),u(t)).

Hence, (2.73)) can be written as

o) > E / ' (6H (t) + %tr [50— )T P (t) b0 (t)]) 15 (t) dt. (2.77)

Then we can easily obtain the variational inequality (2.14). Easy manipulation shows that
(2.14) is equivalent to (2.15). This completes the proof of Theorem 2.1.1. =
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Chapter 3

Maximum principle in optimal
control of systems driven by

martingale measures

In this chapter, first we present a generalization of the notion of control, of course, a
control problem -and even a deterministic one- does not necessarily have a solution.

Then we present our result.

3.1 Control problem

3.1.1 Strict control problem

The systems we wish to control are driven by the following n-dimensional stochastic differ-

ential equations of diffusion type, defined on some filtered probability space (2, F, (F3)>0, P)

dz (t) =b(t,x (t),u(t))dt + o(t,x (t),u(t))dW;, z (0) = xg (3.1)
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where, for each t € [0, 1], the control u; is in the action space A, a compact set in R*, the
drift term b : R, x R" x 4 — R, and diffusion coefficient o : Ry x R* x A — R* @ R™
are bounded measurable and continuous in (z, a).

The finitesimal generator L, associate with (3.1)), acting on functions f in CZ(R",R), is

Lf(t,x,u):%Z( ”azaf%) (t,z,u) +Z( ) (t,z,u) (3.2)

17.]

where a;; (t,z,u) denotes the generic term of the symmetric matrix oo* (¢, z,u). Let U
denote the class of admissible controls, that is (F;);-adapted process with values in the
action space A. This class is nonempty since it contains constant controls.

The function to be minimized over such controls is

J(u)=F {/o h(t,z(t),u(t))dt+ g(z1)|, (3.3)

where h and ¢ are assumed to be real-valued, continuous, and bounded, respectively, on

R, xR"x A and on R".

We now introduce the notion of strict control to (3.1)).

Definition 3.1.1 A strict control is the term o = (Q, F, (Fi)i>0, Pyu (t), 2 (t),x0) such
that

(1) xog € R™ is the initial data;

(2) (Q,F, (Fi)e>0, P) is a probability space equipped with a filtration (F;)i>o satisfying
the usual conditions;

(3) u (t) is an A-valued process, progressively measurable with respect to (Fy);

(4) (x(t)) is R"-valued, F;-adapted, with continuous paths, such that

flz(t) — flxo) — /0 Lf(s,x(s),u(s))ds is a P-martingale, (3.4)

for each f € C%, for each t > 0, where L is the infinitesimal generator of the diffusion
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(z (1))-

In fact, when the control u (t) is constant, the conditions imposed above on the drift term
and diffusion coefficient ensure that our martingale problem admits at least one solution,
which implies weak existence of solutions of . The associated controls are called weak
controls because of the possible change of the probability space and the Brownian motion
with u (¢). When pathwise uniqueness holds for the controlled equation it is shown in El
Karoui and al [23], that the weak and strong control problems are equivalent in the sense

that they have the same value functions.

3.1.2 Relaxed control problem

The strict control problem as defined in the last section may fail to have an optimal
solution. We begin by ad-hoc famous example taken from [46] in order to illustrate what

we are going to do.

An example

Consider U = {—1,1} and consider piecewise continuous function w : [0,1] — U (the
controls).
The dynamic of the problem is given by the differential equation

dx}

dt

u __
x5 =20

= u(t)

and the cost associated to the problem is
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First claim: infJ (u) = 0.

u

Indeed, consider an integer n € N* and take

k
up, (t) = (=1)", TP
n

for 0<k<n-1.
n

Then, clearly, for all £ € [0,1], |zi"| < % and so J (u) < %

Second claim: there is not an u such that J (u) = 0.

This is obvious as it would imply that z} = 0, V¢ and so u; = 0 which is impossible.

If we analyze the previous example, we can understand where the trouble is: it is the fact
that the sequence (u,) lacks a limit in the space of controls, limit which should be the

natural candidate to optimality. So we look for a space in which this limit exists.

Identify u, (t) with the Dirac measure on U : 0y, (du). Set
@n (dt, du) = by, 1) (du) dt,

dn is a measure over the space [0, 1] x U.

Lemma 3.1.1 ¢, converge weakly to
_ 1
q(dt,du) = 3 [0_1 + 61] (du) dt.

Proof. Take f a continuous function on [0, 1] x U (of course only the continuity over [0, 1]
is meaningful).
One has
/ f(t,u) g, (dt,du) =
[0,1]xU

Suppose first that n is even: n = 2m.

Ast — f(t,1) and t — f (t,—1) are continuous over [0, 1], they are uniformly continuous.
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Let € > 0. There is an M > 0 such that
) 1
Vm > M, |f (t,u) — f(s,u)] <eif |t —s] < —
m

where u is either 1 or —1.

Fix m > M. Then, for every j =0,...,m — 1,

2j+1 2j+2
2m 2m €
t dt — t dt —
[ rewa [ p e < 5
2m 2m
one has
m—1 2%+1 m—1 ,2i+2 1
/h f(t,u)dt+2ﬁm ftuydt= [ f(tu)dt
=0 2m =0 Y Tam 0
and
mol 2T mol 2
> . f(tuydt =) s Bw)dt| <o
§=0 “ 3m §=0 ¥ “am
therefore,
mo1 3y 1 )
ftu)ydt—= | f(t,u)dt] <=
25 0 2
j=0 2m
and
o1 oy : )
ftu)ydt—= | f(t,u)dt| < =
2j+1 0 2
j:() 2m
SO

< €.

Z /:mf(t,(_n’“)dt—% {/Olf(t,l)dt+/01f(t,—1)dt

The case n odd is treated in the same way. m

Now, we can define a "new" control problem associated to such a measure ¢, which is
called a relaxed control.

Consider the dynamic

xq(t)::co—ir/ot/ljuq(ds,du)
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and the associated cost is, as before,

Then it is clear that the previous problem is generalized by the present problem by taking
measures ¢ of the form

q (dt,du) = 0, (du)dt

moreover, if

1
Q(dt, du) = B [(5_1 + (51] (du) dt
we have J (g) = 0 and so the new problem has ¢ as an optimal solution.

Remark 3.1.1 We denote by R the collection of all relaxed controls.
By a slight abuse of notation, we will often denote a relazed control by q instead of spe-

cifying all the components.

Relaxed controls

We could want to take as controls all the measures ¢ (dt, du). However, for our purpose
which is to prove existence of an optimal control, we have in mind to restrict to a compact

space containing "classical" controls. This is why the following definition is set.

Definition 3.1.2 Let U C R*. A relazed control with values in U is a measure q over
[0,T] x U such that the projection on [0,T] is the Lebesgue measure.

If there exists u : [0,T] — U such that

q is identified with (u (t)) and said to be a control process.

We have an interesting decomposition of such a relaxed control.
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Proposition 3.1.1 Let q be a relaxed control with values in U. Then, for all t € [0,T],

there exists a probability measure q; over U such that

q (dt,du) = dtq, (du) .

The proof is an application of Fubini theorem. The previous Proposition 3.1.1 allows us
to better interpret what a relaxed control is. In a control process, at a time ¢, we assign
the value u (t). In a relaxed control, the value is "randomly" chosen over the space U with
the probability distribution ¢; (du).

Another interest of Proposition 3.1.1 is that we can introduce a canonical decomposition

of relaxed controls.

Definition 3.1.3 Let R be the space of relaxed controls over U. Let « € R. There exists
by Proposition 3.1.1 a process (o) with values in the set of probability measures on U and
such that

a(ds,du) = dsay (du) .

The process (q;) defined on R, which associates the process (cy) to a is said the canonical

process on R.
The filtration V; = (gs, s < t) is said the canonical filtration.

Remark 3.1.2 We can see that V, is generated by relaxed controls q such that

Qi) xu (ds, du) = by (du) dt

where ug s an arbitrarily fived point in U.
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Topology on the space R

R, as a set of measures, is classically equipped with the weak topology.

Definition 3.1.4 A sequence (q,,) in R is said to converge to q € R if for any continuous

function with compact support f on [0,T] x U,

/f(t,u) qn (dt,du) — /f(t,u)q(dt, du) .

This convergence is by definition only valid on continuous functions. However, as all the
measures in R have the same marginal on [0,7] ( Lebesgue measure), it is possible to

considerably improve it.

Proposition 3.1.2 Suppose ¢, — q in R.
Then, for every measurable function f (t,u) such that ¥t € [0,T], u — f (t,u) is continu-

ous, one has

/f(t,u) qn (dt, du) — /f(t,u)q(dt, du) .
(stable convergence).

Finally, the following result makes clear that the set of relaxed controls has interesting

compactness properties.
Proposition 3.1.3 Suppose U is a compact set. Then R is compact.

Now, we interest to the relaxed controls of SDE as solutions of a martingale problem for a
diffusion process whose infinitesimal generator is integrated against the random measures
defined over the action space of all controls. Let V be the set of Radon measures on
[0,1] x A whose projections on [0, 1] coincide with the Lebesgue measure dt. Equipped
with the topology of stable convergence of measures, V is a compact metrizable space.
Stable convergence is required for bounded measurable functions h(t, a) such that for each

fixed t € [0, 1], h(t,.) is continuous.
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Definition 3.1.5 A relaxed control is the term q = (0, F, Fi, P, Wy, qi, x (t) , xg) such that
(1) (Q,F,F, P) is a filtered probability space satisfying the usual conditions;

(2) (q) is an P(A)-valued process, progressively measurable with respect to (F); and
such for that for each t, 11).q is Fy-measurable;

(3) (x1) is R™-valued, Fi-adapted, with continuous paths, such that (0) = zo and

f(zy) —f(:co)—/ot/ALf (5,25, a) qs(w,da)ds is a P-martingale, for each f € CZ(R",R).
(3.5)

The cost function associated to a relaxed control ¢ is defined as

1
Ju) = E [ / / B (t, 21, a) qu(da)dt + g(a)] (3.6)
0 JA
The set U of strict controls is embedded into the set R of relaxed controls by the mapping
U:ueld =¥(u) (dt,da) = dtd,m) (da) € R;

where ¢, is the Dirac measure at a single point u.
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3.2 Formulation of the problem

3.2.1 Predictable representation for orthogonal martingale meas-

ures

We fixed a worthy martingale measure M (da, dt) over a measurable space (F, ) defined

on the stochastic base (2, F, (F;), P) where the starting o—field F; is P—trivial and
F - thOft-

The set of (M —)integrable function Py, equals the closure of simple predictable functions
on  x [0,00) x E with respect to the norm (., )%2 We restrict to orthogonal martingale
measures.

We denote the set of square-integrable martingales over (2, F, (%), P) by M2

Proposition 3.2.1 Let N be in M2. Then there exist a unique function n € Py such

that

t
Nt:N0+/ /n(a,s)M(da,ds)—i—Lt,
0o JE

where L is an L*~martingale with (L, [; [, b(a, s)M(da,ds)) =0 for every b € Py.

Proof. See L. Overberk [55]. m

3.2.2 Representation of relaxed controls

Since the set of a strict control A is compact, than the relaxed control can be given in

the form of Sliding control or chattering control. The Sliding control is a relaxed control

defined as
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Zaz S ui(t) €A, ai(t) >0, > at)=1. (3.7)
i=1

If wi(s) =~ in [r,r 4+ 0], than: Z @i ()05 = Oy (3.8)

i=1

It is not difficult to show that the solution of the (relaxed) martingale problem ([3.5)) is the

law of the solution of the following SDE
Z b(t, zy, u; () oy (t)dt + Z (t, 2, i (1)) ()Y2dW), x(0) =z  (3.9)
=1

where the W?s are n-dimensional Brownian motions on an extension of the initial prob-

ability space. The process M defined by
M(Ax[0])=3 / as(8)28, o ()W, (3.10)
— Jo

is in fact a strongly orthogonal continuous martingale measure (c.f Walsh [59], El Karoui

and Méléard [22]) with intensity

qg(da)dt = Zai(t)éui(t) (da) dt.

Thus, the SDE in (3.10) can be expressed in terms of M and ¢ as follows

da (1) = /A bt (1) a)gs(da)dt + / otz (t), a)M(da, dt). (3.11)

A

The following theorem due to El Karoui and Méléard [22] shows in fact a general repres-
entation result for solution of the martingale problem (3.5)) in terms of strongly orthogonal

continuous martingale measures whose intensities are our relaxed controls.
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Theorem 3.2.1 (1) Let P be the solution of the martingale problem . Then P is the
law of a d-dimensional adapted and continuous process X defined on an extension of the

space (0, F,F;) and solution of the following SDE starting at xq
dX! = / bi(t, Xi, a)qi(da)dt + / oix(t, Xy, a) M*(da, dt), (3.12)
A = /A

where M = (M k)Z:1 1s a family of d-strongly orthogonal continuous martingale measures

with intensity ¢ (da)dt.

(2) If the coefficients b and o are Lipschitz in x, uniformly int and a, the SDE has

a unique pathwise solution.

3.3 Maximum principle for relaxed control problems

In this section we establish optimality necessary conditions for relaxed control problems,
where the system is described by a SDE driven by an orthogonal continuous martingale
measure and the admissible controls are measure-valued processes.

Recall the controlled SDE

dx(t) = /Ab(t,x(t),a)qt(da)dt—i— Ao(t,x(t),a)M(da,dt), z(0) = xg (3.13)

where M (da, dt) is orthogonal continuous martingale measure whose intensity is the re-

laxed control ¢;(da)dt. The corresponding cost is given by

J(q)=FE {/0 /Ah(t,x(t),a) qi(da)dt + g(x(1))] . (3.14)

We assume that the coefficients of the controlled equation satisfy the following hypothesis
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(Hy) bRy xR"xA—-R,0: Ry xR" XA — My, (R),and h: Ry xR* x A — R
are bounded measurable in (¢, z,a) and twice continuously differentiable functions in z for

each (¢,a) and there exists a constant C' > 0 such that

f (G a) = f(ty,a)l + | fa (8 m,0) = fo(ty,0)| < Clz—yl, (3.15)

f and their first and second derivatives are continuous in the control variable a, where f
stands for one of the functions b, o, h.
b,0,by, 04, hy, g, are bounded by C' (1 + |z]).

g : R" — R is bounded and twice continuously differentiable such that

l9(x) =g W) + 19z (x) — g2 (y)| < Clz —yl. (3.16)

Under the assumptions above, the controlled equation admits a unique strong solution

such that for every p > 1, E [supy<,<p |z:["] < M(p).

3.3.1 Preliminary results

The purpose of the stochastic maximum principle is to find necessary conditions for op-
timality satisfied by an optimal control. Due to the appearance of the control variable
in o(.,.), the usual first order expansion approach can’t work. Hence, we introduce a
second-order expansion method, we proceed as the classical maximum principle (Peng
[56]).

Suppose that (z(.),q(.)) is an optimal solution of the problem and let us introduce the
strong perturbed relaxed control in the following way

du(A) ifteFE

£(4) = (3.17)
q:(A) ift € E°
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where E = {r <t <r+60}, 0 <r < Tisfixed and the E¢ = [0, 7]\ E, § > 0 is sufficiently

small, and v is an arbitrary J,-measurable random variable with values in U/, such that

sup |v(w)| < 0.
we

Let x4 be the trajectory of the control system (3.13) corresponding to the control ¢%(A),
which is the intensity of the orthogonal continuous martingale measures M?, we create it

of the form

MY (A):/O Al[r,r+0](5)5u(da)dWs+/o /141[T7r+9}c(s)M(da,d3). (3.18)

where 0 < r < T is fixed, # > 0 is sufficiently small, and v is an arbitrary F,-measurable
random variable with values in U.

The variational inequality will be derived from the fact that

tim . (706" ()~ Ja ()] >0 (3.19)

to this end, we need the following estimation.

Lemma 3.3.1 We assume (H; ), then the following estimate holds

E { sup |zo(t) — z(t) — z1(t) — z2(t)|°| < C(6)6? (3.20)

0<t<T

where limy__o C(0) = 0 and x1(t), x2(t) are solutions of the SDEs

x1(t) = // [b(s, 25, a)ql (da) — b(s, zy, a)gs(da) + by(s, zy, a)x1(s)qs(da)] ds
0 A

+// [o(s, z,a)M®(da, ds) — o (s, s, a) M (da, ds) + o,(s, z,, a)z1(s) M (da, ds)]

" (3.21)
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xo(t) = // [(ba(s, 25, a)q (da) — by(s, s, a)qs(da)) z1(s)] ds

—i—// [b2(5, 25, a)22(5)qs(da) + 3bue(s, x5, a)qs(da)zy(s)z1(s)] ds
0.4 (3.22)

+O/A/ [04(s, 25, a)z1(s) M (da, ds) — 0,(s, x5, a)z1(s)M(da, ds)]

+0// [0$(57 Ts,a)Ta(s) + %O-xw(sa Ts, &)1'1(8)1'1(5)] M (da, ds).

Remark 3.3.1 Equation is called the first-order variational equation. It is the
variational equation tn the usual sense. 18 called the second-order variational equa-
tion, without this equation we can not derive the variational inequality since o depends

explicitly on the control variable.

Notation

1) For simplicity of the notations, we denote by

£ (b (1), qr) = / £ (t.2(t), a) gi(da),

and f stands for b, 0, h and their first and second derivatives.
2) We will generically denote by Cj the positive constants that appear in the estimates
below and may differ from line to line and from proof to proof.

Proof. The proof is inspired from [60], Theorem 4.4, page 128. We need to show that

E { sup |x1(t)|2} < Gy, (3.23)
0<t<T

E { sup |:1:2(t)|2] < Cpo% (3.24)
0<t<T
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We can write

E [|x1(t)|2} <A4FE /0 /A [b(s, x5, a)q’ (da) — b(s, zs, a)gs(da)] ds

2

+4F [o(s, zs,a)M®(da, ds) — o (s, s, a) M (da, ds)]

2
+4E

(s,zs,a)r1(5)gs(da) ds—}—//ax s, &g, a)x1(s)M(da, ds)

< E(L)+ E(Iy) + E(I3)

Since ¢’ is defined as in (3.17)), then

2

E(L) < 4E/0 /A [b(s, xs,a)d,(da) — b(s, xs,a)qs(da)] 1| ds

r460
< CkE/ {|b(s,x3,v)\2 +/ \b(s,a:s,a)\2 |qs(da)|2} ds
r A
r+60
< ck/ E[1+|z(t)|] ds

TH} {1 o < sup \x(t)ﬁﬂ ds < Cy(1 + a).

0<t<T

r+6 2

E(L) < CyE (s,x5,a)0,(da)dBs — o (s, xs,a)M(da,ds)]

7"+9
ngE/ [[U(s,xs,v)]2d$+/ |a(s,x5,a)\2qs(da)ds]
r A

40
< Ck/ [1 +FE ( sup |x(t)|2)} ds < Cp(1+ )b
r 0<t<T

2 < G| [ [ utossn ol ltdf ds + [ [ louto. el a6 (]

t t
< CLE (/ |x1(s)|2ds) < ck/ Bl (s) ds
0 0

Then, we have

Elay(s)|* < CyE </Ot |x1(3)|2ds) + Ck(1 4 a)f

85



Chapter 3. Maximum principle in optimal control of systems driven by martingale
measures

By Gronwall Lemma and Burkholder-Davis-Gundy’s inequality, we have

E { sup |x1(t)|2} < Cih.

0<t<T

As precedently, we have

P (oa)] <65 | [ [ It o)l s] + o2, et 0, )]
£35 [ [ [ Dt a5 9] s + s s 5] M 5]
o | t ( [ Ibats.zc s (s)atde) = b, a>x1<s>qs<da>|)2 ds
+6F {/{:/A }ax(s,xs,a)xl(s)Me(da,ds) — JI(S,:Es,a)ml(s)M(da,ds)‘r

by (3.17), we have

( ;
0
t T
< Cy (2/ E|x2(s)|2ds—|—4/ 0ds+/ 62ds)
0

t
gck/ E |x5(s))* ds + Cr(4 + T)6?
0

by Gronwall’s and Burkholder-Davis-Gundy’s inequalities, we obtained the inequalities
(13.21), (3.22]).

As in the proof of Lemma 1 in [56], set z3 = x1 + x2, we have

b(t,x(t) +as(t),q)) =b(t,x(t), q)) + by (t,2(t), q]) z3(t)

—l—/ / Ay (8, 2(t) + N0xs(t), qf ) dAdOz3(t)z3(t)
o (t,(t) + 25(8),6f) = o (£, 5(0), 7) + o (8, 2(8), ) 5(2)

+ /1 /1 Aous (8, () + Nas(t), ¢f ) dAdOzs(t)xs3(t)
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then, we can write

/Otb(s,$(8)+x3(s),qg) ds+/0t/flg(3’x(s)+$3(s)’a) M (da, ds)

= (t) + 21(t) + 22(t) — 2 (0) + /0 BY(s)ds + A°(t)

where

B’(s) = %bm (5,2(5), s) (w2(s)2(s) + 221 ()2 ()

+ (bx (S,iU(S),qg) - bx (8,%(5),%)) 332(3)
+/ / {[Absz (5,2(5) + A0 (21(s) + 22(5)) , ¢ )| dAdO
z1(s) + x2(s)) (21(s) + x2(s))}

//{msx ,qs)] dAdO

1(s) + 22(s)) (21(s) + 22(5)) }

//amsx To(s) + 2x1(8)xa2(s)) M(da,ds)

//ar s, ( (s)M?(da, ds)
//aw s, x( M (da, ds)

+/0/A/01 OI{A% (5,2(5) + A0 (1(s) + 2a(s)) , @) A0

( 1(8) + @a(s)) (w1(s) + w2(5))} M (da, ds)

///0 [ 420 (502(5),0) 008 (1(5) + ()

(21(8) + x2(s))} M(da, ds)
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and we can drive

xo(t) — x(t) — x1(t) — 22(t) = /0 /A [b(s,29(s),a) —b(s,x(s) + x1(8) + 22(8), a)] go(da)ds
+ /0 /A [0 (5, 79(5),a) — o (s, 2(s) + 21(8) + m2(s), a)] M?(da, ds)

+ / BY(s)ds + A(¢)

since b and o are Lipschitz then

E [|zo(t) — x(t) — 21(t) — :Cg(t)ﬂ < Ck/o E|zg(t) — x(t) — z1(t) — x9(t)]* ds

YL

and since b and b,, are bounded

E[|B6)['] < CuBws(s)aa(s)* + ChE | (5)a(s) [ + CuF? ()

+ CpE|(21(s) + wa(s)) (w1(s) + wa(s))[*
from (3.23) and (3.24)), we can use Cauchy-schwarz’s inequality, we have
E|B'(s)|" < Cy (6* +6° + 6%).

Using the same think for A?, since o, and o, are bounded and Vt > 0, M;(.) is a L2 —valued

o—finite measure than
EA(s)]" < Cp (6" + 6° +62).
From the two last inequalities, we can conclude that

t

E [|zg(t) — x(t) — z1(t) — xg(t)|2] < C’k/o Exg(t) — z(t) — 21(t) — 22(t)* ds+C, (6" +6° + 6°)
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by Gronwall’s lemma, we obtained the inequality
E [|zo(t) — z(t) — 21 (t) — :Eg(t)|2] < Gy (6" + 6° + 6°) exp (C,.T) .

Then, (3.20) follows from Burkholder-Davis-Gundy’s inequalities. m
We want now to derive a variational inequality which is become from the Taylor expansion
and the cost functional with respect to the perturbation of the control variable.

Since ¢ is an optimal relaxed control and from Lemma 3.3.1 we can derive.

Lemma 3.3.2 Under , the assumption of Lemma 3.3.1, we have

0<J(¢) - T(@) < F [ [ oo ) - h(t,x<t>,q<t>>>dt]
+F {gm(x(T)) (x1(T) + zo(T)) + /0 hy (t, x4, q(t)) (21(t) + 22(t)) dt} (3.25)

+iE {gm(w(T))azl(T)xl(T) + /OThm (t,x(t),q(t))xl(t)xl(t)dt} +o0(6)
Proof. Since (z,q) is optimal, we have

0<E UOT (h (8, zo(t), o (t)) — b (t, (1), q(1))) dt} + Eg(zo(T)) — g(x(T))]
we use (321)

0< E/ [ (t, 2(t) + 21(8) + 22(t), go(t)) — h (¢, x(2), ¢(t))] dt
0 (3.26)

+E[g(2(T) + 21(T) + 22(T)) — g(x(T))] + 0 (0)

Then by Taylor expansion in the point x for h (t,z + x1 + x2,qp) and g (x + 1 + z3), we
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have by (3.23) and (3.24), (3.26) can be rewritten as

0<o0(8)+a(T)+ / [ (8, (), qo () — h (2, 2(2), q(1))] dt
HE [ [he (82(8), q(8)) (21(t) + z2(t))] di

0 T (3.27)
+iE ) 21 (t) 21 (1)] dt
+E [g:(2(T) (21(T) + 22(T))] + 5 E [goa(2(T)) 21 (T)21(T)]

where «(T) is given by

o(T) = E/O [ (£, 2(2), g0 (1)) — ha (1, 2(2), q(1))] (21 () + 22(2)) dt
+1E /0 hao (£, 7(t), ¢(1)) (21()22(t) + 22()21(£) + 22(t)22(2)) dt
+%E/O [(Paw (8, 2(1), G0 (1)) — haa (8, 2(8), q(2))) (21(2) + 22(2)) (21(2) + 22(1))] dt

+5E 900 ((T) (21(T)22(T) + 22(T)a1(T) + 22(T)2(T))]

from gy definition and (H;) assumption, we use (3.23)), (3.24) and Cauchy-Schwarz’s in-
equalities, then

a(T) < 0 ()

Use this relation and (3.27)) to complete the proof. m
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3.3.2 Adjoint processes and variational inequality

In this subsection, we will introduce the first and second order adjoint processes involved
in the stochastic maximum principle and the associated stochastic Hamiltonian system.

These are obtained from the first and second varaitional equations (3.21)), (3.22)) as well

as (3.29).

First order terms

The first order estimation calculate the first order derivatives in (3.25)). The linear term in
(3.21) and (3.22) may treated in the following way (see [14] ). Let ¢; be the fundamental

solution of the linear equation

doi(t) = /Abx(tx(t),a)gbl(t)qt(da)dt+/ax(t,x(t),a)ngl(t)M(da,dt)

A
$1(0) = 1.

This equation is linear with bounded coefficients, then it have a strong unique solution.

Moreover ¢, is invertible and it inverse 1, satisfies

(

dipy(t) = /A [Y1(t)oa(t, x(t), a)ou(t, x(t), a) — 1 (t)ba(t, 2(t), a)] ¢i(da)dt
/wl o.(t,z(t),a) M (da,dt)

1(0) = 1.

\

¢1 and 1y satisfy

E | sup |¢1 (t)]*| + B

te[0,7)

sup [¢ (t)|2] < o0,

te[0,7

We introduce the following processes

m(t) = ¢u(t) (22(1) + 22(1))
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and

X, = ¢u(T)g. (x(T)) + / 1(5) [ (s, 2(5), a)qu(da)ds

A

G(t) = B (X, /F) / ha(s, 2(s), a)qs(da)ds

A

then

Eg:(x(T)) (21(T) + 22(T))] = E[¢1(T)ga (x(T)) m(T)] = E [m(T)6:(T)]

from the orthogonal martingale measure representation (Proposition 3.2.1) we have

(Xl/ft X1 / /G1 a, 8 dCL dS) +Lt,

where L is an L?—martingale with (L, [; [,,b(a,s)M (da,ds)) = 0 for every b € Py and
such that F [(L;)] < oo

Applied Ito’s formula to 7;(¢)(;(¢) and we put
pi(t) = i (H)G(0), (3.28)

_ / $i(H)G (¢, a)gi(da) — / o7 (1, (t), a)gu(da) pr (1) (3.29)
A A

moreover p(t), Q1(t) satisfy

B { sup (O + sup rcmﬂ < oo,

0<t<T 0<t<T

the process p; is called the first adjoint process.
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We can derive

E (g2 (+(T)) (22(T) + 22(T))] = E / / pa() (b(t, 2(t), a)g? (da) — b, 2(t), a)ge(da)) dt

E /0 ' / Or ()0t 2(8), a)as ()1 (1) u (dlr)

/ holt, 2(t), @) (21(1) + 25(8)) qu(da)dt

/pl(t) [(ba(t, 2(t), a)q] (da) — by (t, z(t), a)q:(da)) ] z1(¢)dt
/ [Q1(t) (0.t (1), a)q] (da) — o4 (t, 2(t), a)q(da))] 21 (t)dt

|
&5
o\
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b
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+o0(0).

To derive our variational inequality, we need to prove the following estimates in the last

equality
E/o /Apl ca)gl(da) — by(t,z(t), a)q(da))] z1(t)dt < C,
E/o /A (0.(t,2(t), a)q) (da) — o,(t, z(t), a)g:(da))] z1(t)dt < C6,
E / / O(t) )+ 0u (b, (1), a)z1 ()] 6, (da) s ()dt < C6
and

/ /”% )+ 0. (t, x(t),a)x,(t)] 0,(da)1g(t)d (By, L) < CO.
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By (3.23) and applying Young’s inequality, the first inequality becomes

40 r+6
E/ pi(t) [bu(t, x(t), v) — bo(t, (1), q)] 21 (t)dt < CkE/ {1z () +

[ba(t, 2(t),v) — by(t, x(t), q)]*} dt
<G, (9+E/:+9 {1+ sup yx(t)ﬁ] dt) <

0<t<T

For the second and the third estimates, we use the same argument as in the first one. For

the fourth term we use Kunita-Watanabe inequality

[/r+90/¢1 ca) + oy (t,x(t),a)x(t)] (5V(da)d(Bt,1it)] < 6 y
(/’"* /% La) + o (t, x(t), )z ()] 5y(da)dt) E( . 5y(da)d(Lt,Lt)>

T A

V2 1/2
< CywE </ Vi(t) [02(t, x(t),v) + o2(t, x(t), v)x3(t)] dt) E((L,L),.o—(L,L),) /

Using the same arguments the inequality holds since £ [(L;)] < oo .

Let us now define the Hamiltonian

H(tw,q,p,@=/4h<t,x,a>q<da>+p/

A

b(t,z,a)q(da) + Q/Aa (t,x,a)q(da),

Therefore, we use the value of E [g,(x(T")) (z1(T) + z2(T))] and the Hamiltonian definition,

(3.25) can be rewritten

0<J(¢) <E// (t,2(t), a,pa(0), Qu(0)) ¢ (da) — H (t.2(0),a.p2(1), Qu(1)) as(da)) d
Y / / 1 (1) oo (1), 0, pa (1), Q1 (1)) 25 1)y (da) dt + L 21 (T) g (o)) (T)] + 0/(6)
(3.30)
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Second order terms

The second order estimation concerns the second order derivatives in (3.30). As in Peng

[56], let Z = 27, By Itd’s formula we obtain

dZ(t) = /A [Z()bE(t, x(t), a) + by (t, z(t), a) Z(t)] g:(da)dt + By (t, z(t), a)
—I—/Aaw(t,:L‘(t),a)Z(t)J;(t,x( ),a)qi(da)dt + Ag (¢, z(t),a) dt (3.31)

+ /A (Z(t)o™ (£, 2(t), a) + ou(t, 2(t), ) Z(t)) M (da, dt) — B (¢, 2(t),a) .

For simplicity of notations, we denote by

/fta: a) qi(da), /ftx a) ¢’ (da)

in Ay and in By, B by

fdM:/f(t,:c( a) M (da,dt), fedM® = /f (t,z(t),a) M? (da, dt)

f stands for b, o and their first derivatives.

Then we have

Ao (t) ge(da) = 21() (b5(t) — b*(1)) + (b(t) — (1)) 2i(t) — ou(t)21(t)o™(t) — o ()2 (t)os()
+ [(o2(t) 21 (1) o (1) + op(t)21(t) o3 (t)) — (o9(t)o () + o(t)og(t))] Lge (t) + op(t)oj(t) + o (t)o™(t)
By (t) = og(t)x}(t) + 21 (t)oy (t)dM?, B (t) = o(t)x;(t) + z1(t)o* (t)dM

we remark that

B /0 Ay () dt < E /O (oo (D)o5(8) + o ()0 () = (06()o™ () + o (£)o3 (1)) 1o (£)] dt + o (6)

E/TIB%Q (1) dM® < o(0) and E/TIB%(; (1) dM < o (9).

As in the first order estimation, we consider now the following symmetric matrix-valued
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linear equation associate to (|3.31])

[ d6(r) = / (Ga(B)0L(1, 2(8), @) + by (1, 2(2), @) (t) + 0 (b, 2(8), @)ha(£)0 (1, 2(t), )] s (da)dt
+[k@@ﬁﬂtﬂﬂﬂ%+%@w@%@@@DMW%ﬁ)

This equation is linear with bounded coefficients, hence it admit a unique strong solution.

Moreover ¢5 is invertible and it inverse 1y satisfies

( dwz(t)Z/q[(Um(t,x(t),a)+0 (t,2(1), @)* ¥a(t) — La(t)b;(t, 2(t), a)] q(da)dt
—/ [b2(L, (1), @)t (1) + 0u(t, (1), a)iha(t) o (L, 2(1), a)] gi(da)dt

A

- W)Q (t)O';; (t’ "L‘(t% CL) + 0z (t’ x(t>’ a)¢2(t)] M (da’ dt)

| 02(0) = 1.

It is easy to see that ¢o and 1y satisfy

E | sup |62 ()| +E

te[0,7)

sup [ty (t)|2] < 0.

te[0,7

Using the same arguments as for the first order terms, we introduce the processes Ma(t) = a(t) Z(2)

and

= 65(T)gus (x(T) /¢2 / Hoyo (s, 2(s), a)qs(da)ds
alt) = B (X/F) = [ 6365 / (5, 2(s), a)g.(da)ds

A

We remark from these equality that

E21(T)gae (x(T))27(T)] = E[§5(T)gaa (x(T)) n2(T)] = E [02(T)Ca(T)]
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The orthogonal martingale measure representation (Proposition 3.2.1) give us
E(Xy/F)=FE(Xs) + //G2 a,s)M (da,ds) + L, (3.32)

where L' is an L?—martingale with (L', [; [,,b(a, s)M(da,ds)) = 0 for every b € Py and
such that F [(L})] < co

Apply Itd’s formula to 1,(¢)(2(t), to obtain

E [21(T)gos (+(T))a —E/ /xl Hoo(t, 2(8), a)at () g (da)di+

/ /tr o(t,z(t),a)¢d (da) — o(t, z(t ),a)qt(da)) pa(t) (o(t, z(t), a)g! (da) — o(t,z(t), a)q(da))] dt

+o0(0)
(3.33)

where

pa(t) = 5 ()G (1) (3.34)

the process p, is called the second adjoint process.

Adjoint equations and the maximum principle
By applying Ito’s formula to the adjoint processes p; in (3.28) and po in (3.34), we obtain
the first and second order adjoint equations, which have the forms

(

dp(t) = / % (1, 2(t), @) pa() + 07 (£ 2(t), @) Qu() + B (¢, 2(t), 0)] qu(dar)t
/Q1 da,dt) — T/JT(t)st

pi(T) = go (x(T)) .

\

(3.35)
with values in R?, where L is an L*—martingale with (L, [ [, b(a, s)M(da,ds)) = 0 for
every b € Py, ()1 is given by with values in R%**. The adjoint equation that p;(.)
satisfies is a linear backward stochastic differential equation. This BSDE has a unique

adapted solution see Elkaroui, Peng and Quenez [25].
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Using It6’s formula it is easy to see that ps is matrix valued and satisfies

([ dpat) / (02 (1, 2(t), a) pa(t) + pa(t)b (¢, 2(8), a)

ot (8 (), >@2< )+ Qult)o (1, 2(t), a)} gu(da)dt
" / 0 (1, 2(), @) palt)ors (£, 2(8), @) + Hay (2(t), 0. pr(£), Q1 (1))] ge(da)dt
/ Qu(t) M (da, dt) — y5(t)dL),

| p(T) = g (a(T)),
(3.36)

where L' is given by ([3.32)) and @5 is given by

Q2(t) I/A[w;(t)Gz(t,a) — p2(t)oa (8, 2(t), a) + o (L, 2(t), a)p2(t)] qi(da) (3.37)

Note that py(.) is also a backward stochastic differential equation with matrix-valued

unknowns. This BSDE have a unique adapted solution.

Remark 3.3.2 H,, (z(t),q,p(t),Q(t)) is the second derivative of the Hamiltonian H at

x and it is given by

Hmz (;E(t), Qt7p<t>7 Q(t» = hxm (tv 'T(t)v Qt) + p(t)bacm (t7 x(t)v Qt) + Q(t)axz (t7 'T(t)v Qt) .

We are ready now to state the main result.

Theorem 3.3.1 (The stochastic mazximum principle) Let q be an optimal control minim-
1zing the cost J over R and x denotes the corresponding optimal trajectory. Then there
are two unique couples of adapted processes (p1,Q1) and (p2, Q2) which are respectively

solutions of the backward stochastic differential equations (u and (3.30 ' such that

0 < H(t,z(t),v,pa(t), Qu(t) — H (£, 2(t), g, pr(t), Q1 (t))
+%tr [(0(t7 ‘T(t)7 V) - O-(ta l‘(t), Qt))*pQ(t) (o‘(t, "L‘<t)7 V) - J<t7 :L’(t), Qt))]

(3.38)
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v is an arbitrary F,.-measurable random variable with values in U, such that

sup |[v(w)| < 0.
we

Proof. From (3.33)), (3.30) can be rewritten

0<a () =@ < B[ [ 1200000, Qu0) ) ~ H (,2(0). 00010, Qa0 )
E/ / tr{ (t.2(t), a)g! (da) — o(t. 2(t), a)qs(da))" pa(t)

ol (t,x(t),a)qd(da) — o(t, x(t), a)qt(da))} dt +0(0).

This equation is the variational inequation of the second order.

We use the definition of gy, the last variational inequality becomes

r+60
0<5(J(¢") = J(q) < éE/ [H (t, (), v, pr(£), Qu(1)) — H (£, (), gr, pr(£), Qu(1))] dt + 0 (6)

+§E/T tr (ot z(t),v) — o (t,z(t), @) p2(t) (ot 2(t),v) — o(t, x(t), )] dt,

Then, the desired result follows by letting 6 going to zero. m
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Conclusion

he original version of Pontryagin’s maximum principle was for deterministic prob-
Tlems, with its key idea coming from the classical calculus of variations. In deriving
the maximum principle, one first slightly perturbs an optimal control by means of the so-
called spike variation, then considers the first-order term in a sort of Taylor expansion with
respect to this perturbation. By sending the perturbation to zero, one obtains a kind of
variational inequality. The final desired result (the maximum principle) then follows from
the duality. If the diffusion terms also depend on the controls, we encounter an essential
difficulty, we we try to do the same idea for control problems, thus the usual first-order

variation method can not applied.

To surpass this difficulty, one needs to study both the first-order and second-order
terms in the Taylor expansion of the spike variation and find a stochastic maximum prin-
ciple involving a stochastic Hamiltonian system that consists of two forward-backward
stochastic differential equations. Our result extends Peng’s maximum principle to the

class of measure valued controls.
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Appendix

In this appendix we introduce the integral of Banach space valued functions, the so-called

Bochner integral, define the corresponding Lebesgue and Sobolev spaces.

Bochner integral

The Bochner integral for functions landing in a separable Banach space. This integral was
first introduced by Salomon Bochner in his 1933 paper Integration von Functionen [16].
It is a generalization of the Lebesgue integral.
If Y is a normed vector space and M C Y, then the Borel o-algebra B (M) over M is the o-
algebra generated by the system of relatively open subsets of M. We write B, = B (Rd)
for the Borel o-algebra over R?. The d—dimensional Lebesgue measure is denoted by da.
In one dimension we often write dt. The Lebesgue measure of A € By is denoted by |A|.
We define

Na={N € B4 |A]=0}

as the set of Borel measurable sets of measure zero. For A € B, a function f: A — Y
is called (Borel-)measurable if f~!'(B) € B(A) forall B € B(Y). If f: A — Y is
measurable, then || f|| is measurable as well, where || f|| (z) = ||f (z)]| for z € A.

Throughout, let E be a complex Banach space. A function f : R? — X is called simple,

if there are N € N, A, € B, and x,, € E for n =1, ..., N such that

N
f - Z 1Anxn~
n=1
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Observe that simple functions are measurable. We start with the integral over simple

functions.

Definition 3.3.1 Let [ = ZnN:1 La,z, be a simple function with |A| < oo for: n =

1,...,N. Then the Bochner integral of f is defined by
N
fdx:/fzvdx: Aplz, € E.
[ tar= [ r@ar=3 14

We note that the above integral is independent of the representation of the simple function
f. It is further clear that the Bochner integral is linear on the vector space of simple
functions whose support has finite measure. Moreover, as a consequence of the triangle

inequality, for each simple function f we have the estimate

[

where the integral on the right-hand side is now the usual scalar-valued Lebesgue integral.

- [ 17l (A1)

As in the scalar case, we extend the Bochner integral to a larger class of function by
taking limits of simple functions. As it turns out, besides measurability for this procedure

a separability condition is necessary.
Lemma 3.3.3 Let f: R — E be a map. Then the following assertions are equivalent.

a. There is a sequence (fy),oy of simple functions fi, : R* — E such that fi (z) — f(z)

as k — oo for all z € R,

b. f is measurable and f (Rd) C FE is separable.

If one of the assertions is true, then in a. one can choose (fi),cy Such that

i ()]l < 211 @), for all x € RY.
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The lemma suggest the following notion.

Definition 3.3.2 A4 map f : R? — E is called strongly measurable if there is a sequence

(fi)ren of simple functions f : R — E such that fi, () — f(x) as k — oo for all z € R

For a strongly measurable f one would like to define the Bochner integral as a limit of
Bochner integrals of simple functions. Fortunately, there is a simple criterion when this is

possible.

Lemma 3.3.4 Let f : R — E be strongly measurable. Then the following assertions are

equivalent.

1. There is a sequence of simple functions (fy),cn such that fi (x) — f(x) as k — oo

for all x € R? and

lim/ Ife — fll dz = 0.
k—oo R4
2. It holds that [, | f|| dz < co.

If one of the assertions is true, then the limit lim fRd frdx exists in E and is independent
k—o00
of the sequence of simple functions (fy),cy as in 1.

Now we can define integrability and the Bochner integral for a large class of

functions.

Definition 3.3.3 A function f : R? — E is called Bochner integrable if it is strongly

measurable and if [, ||f]| dx < co. In this case one sets

fdr = lim frdx

Rd k—o0 Rd

where (fi)pen 95 any sequence of simple functions as in 1. of the precedent Lemma. Fur-

thermore, for A € B, a function f : A — E is called Bochner integrable if its extension fy
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by zero to R? is Bochner integrable, and in this case one defines

/Afdx: Rdfodac.

For A € B, one finally sets

L(AE)={f:A— E| f is integrable} .
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