PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH
University Mohamed Khider of Biskra

Faculty of Exact Sciences and Natural and Life Sciences

Thesis

Presented for the degree of

Doctor in Mathematics
Option : Probability
Presented by

Fatiha Korichi

Title

Contributions to the stochastic optimal control of Mckean-Vlasov stochastic
differential systems via the derivatives with respect to measures with some

applications

Members of the jury :

Boulakhras Gherbal Prof, Unwversity of Biskra, President
Mokhtar Hafayed Prof, Unwversity of Biskra, Supervisor
Samira Boukaf MCA, University of Mila, Co-Supervisor

Imad Eddine Lakhdari MCA, University of Biskra, Examiner
Abdelmoumen Tiaiba Prof, Unwversity of M’sila, Examiner

Khalil Saadi Prof, University of M’sila, Examiner
2024



Dedicace, Korichi F. 2024

Dedicace

I dedicate this work to my Mother and my F ather,

To my sisters, and my brothers

FAaTrtHA KORICHI (©) 2024



Acknowledgments Korichi F. 2024

Acknowledgments

First of all and foremost, praises and thanks to Allah, for his help and blessings throu-

ghout the research work to complete my thesis successfully.

I would like to express my sincere thanks to my advisor Prof. Mokhtar Hafayed for his
insights, guidence, support. Many thanks not only because this work would have been not
possible without his help, but above all because in these years he taught me with passion
and patience the art of being a mathematician. My sincere thanks to my co-supervisor Dr.

Samira Boukaf (MCA University of Mila).

My sincere thanks to Professors : Pr. Gherbal Boulakhras, Pr. Abdelmoumen Tiaiba, and
Pr. Khalil Saadi and Dr. Imad Eddine Lakhdari, because they agreed to spend their times

for reading and evaluating my thesis.

I am very thankful to Pr. Faical Djani, (vice dean of FSESNV faculty) and Pr. Salim Bitam
(vice president of the University). My scincer thanks to all my colleagues of Mathematics

Department and the Laboratory of Mathematical Analysis, Probability and Optimizations
(LMAPO) in University Mohamed Khider of Biskra.

FatinA KoricHI (© 2024



Table des matiéres

Mable d Sres

[Symbols and Acronyms|

[Résumé

[Abstract]

IGeneral Introduction

[L Stochastic processes and preliminary|

1.1 Formulation of stochastic optimal control problem|. . . . .

[1.1.1 Stochastic process| . . . . . . ... ... .........

[1.1.4 Integration by parts formulal . . .. ... ... .. ..

[1.1.5  Strong formulationl. . . . . . .. ... ... .. .....

(1.2 Methods to solving optimal control problem| . . ... . ..

[[.2.1 The Dynamic Programming (Bellman Principle)|. .

[1.2.2 The pontryagin type stochastic maximum principle

[2 Derivatives on the Wasserstein space and class of controls|

11

13

18
18
19
19
19
20
20
22
23
23

33



Table des matiéres

2.1 Kantorovich Distance Between Probability Measures| . . . . . . . . 33
[2.2  L-derivatives with respect to probability measures|. . . . . . . . .. 34
2.5 laft functionl. . . . . . ... oo 35
2.4 Space of differentiable functions in Xo (RY)[ . . . . . ... ... ... ... 37
20 Control classesl . . . ... ... .. ... ... oo 37

[3 Stochastic intervention control of mean-field jump system with noisy |

| observation via L-derivatives with application to finance | 42
3.1 Introductionl. . . . .. . ... ... oo 42
[3.2  Formulation of the problem and preliminaries|. . . . . . .. ... .. 45

[3.2.1  Derivatives on the Wasserstein spacef . . . . . . .. ... ... ... 46
[3.2.2  Partially observed optimal intervention control Model| . . . . . . .. 47

[3.3 Necessary conditions for optimal intervention control in Wasser- |

[ steln spacel . . . . . ... 52
B8.3.1 Main results|. . . . . . . .. 53
B.32 Proofof mainresults ... ... ... ... ... . ........ 55

[4 The pointwise second-order maximum principle for optimal stochastic |

[  controls of general mean-field type| 81
4.1 Introductionl. . . . . . . .. ..o 81
4.2 First and second-order derivatives with respect to measurel . . . . 84
4.3 Formulation of the control problem| . . . . . . . ... ... ... ... 89

4.4 Mean-field second-order stochastic maximum principle in integral |

[4.5 Pointwise mean-field second order maximum principle] . . . . . . . 118




[> Lions’s partial derivatives with respect to probability measures for ge- |
[  neral mean-field stochastic control problem| 126
.1 Introductionl. . . . . . . . ... Lo 126
(5.2 Lions’s partial-derivatives with respect to probability measure] . . 129
[>.3  Formulation of the mean-field control problem| . . . . . ... .. .. 131
b4 Mainresultsl . . . . . ... 135
b.4.1 Maximum principle| . . . . . . ... ... 0oL 135

042 Proofofmamresultf. . . ... ... ... ... ... 137

[b.5 Examples : Gamma process via Lévy measure] . . . . ... ... .. 145
[>.5.1 Examples (Derivatives with respect to measure) | . . . . .. 145

[>.5.2 Maximum principlel . . . . . . . ... oL 145




Symbols and Acronyms, Korichi F. 2024

Symbols and Acronyms

—_

. R : Set of Real numbers.
2. N : Set of Natural numbers.
3. R, : Set of Non-negative real numbers.
4. SDE : Stochastic differential equation.
5. BSDE : Backward stochastic differential equation.
6. FBSDESs : Forward-backward stochastic differential equations.
7. FBSDEJs : Forward-Backward stochastic differential equations with jumps.
8. PDE : Partial differential equation.
9. ODE : Ordinary differential equation.
10. a.e. almost every where
11. a.s. almost surely
12. cadlag continu & droite, limite & gauche
13. caglad continu a gauche, limite a droite
14. e.g. for example (abbreviation of Latin exempli gratia)
15. i.e,. that is (abbreviation of Latin id est)
16. HJB The Hamilton-Jacobi-Bellman equation

f

17. g_x’ fo : The derivatives with respect to x.
18. P®dt : The product measure of P with the Lebesgue measure dt on [0, 7.
19. E(-), E (- | G) Expectation ; conditional expectation

20. o (A) : o—algebra generated by A.

21. 14 : Indicator function of the set A.

22. FY : The filtration generated by the process Y.
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23. W (-), B(+) : Brownian motions

24. FP the natural filtration generated by the brownian motion B(-),
25. F1 V Fy denotes the o-field generated by F; U F.

26. (2, F,P) probability space

27. {Fi}i>o : filtration

28. (Q, F,{Fi}iejor), P) filtered probability space.

29. LP(F) : the space of R"-valued F—measurable random variables X such that
E(|X") < occ.

30. LG(2,R™ ) : the space of R™-valued G—measurable random variables X such that
E(|X") < oc.

31. L%([0,T],R") : the space of all (F3),.-adapted R"-valued processes X such that

T
E/ X dt < oo.

0

32. LE([0,T],R") : the space of all (F;),,-adapted R"-valued processes X essentially

bounded processes.
33. (u(-),&(+)) : continous-singular control.
34. 0,9 : the derivatives with respect to measur p.

35. Dcyg(po) : the Fréchet-derivative of g at jio in the direction &.
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Résumé

Cette these de doctorat s’inscrit dans le cadre de la théorie de controle et 'optimisa-
tion stochastique. Le premier chapitre est de nature introductif, qui contient la formulation
d’un probléme de contrdle optimal stochastique de type mean-field avec quelques concepts
et résultats de base qui permettent d’aborder notre travail ; tels que les processus stochas-
tiques, principe du maximum,...etc. On s’intéresse aussi dans ce chapitre par les deux
méthodes de résolutions.

Dans le deuxiéme chapitre, on a présenté la méthode de dérivation par rapport a une
mesure de probabilité qui a été introduit par LIONS « Lions P.L. Cours au College de
France : Théorie des jeu a champs moyens. http ://www. college- de-france.fr/ default/EN
/all/equ [1] der/ audiovideo. jsp. (2013) ». On s’intéresse aussi dans ce chapitre par les
différentes classes de controle optimal stochastique.

Dans le troisiéme chapitre, on a présenté notre premiére contribution, ot on a prouvé
les conditions nécessaires d’optimalité pour des classes de controle singulier (non regulier)
partiellement observés. Les systems sont gouvernés par des équations differentielles sto-
chastique EDSs de type McKean-Vlasov avec un saut de Poisson. Théoréme de Girsanov
et la dérivée par rapport & une mesure de probabilité au sense de Lions ont été utilisé pour
établir notre résultat. Nous appliquons nos résultats pour étudier le probléme condition-
nelle de selection de portefeuille moyenne-variance avec interventions, ot les interventions
de change sont destinées a contenir les fluctuations excessives des taux de change.

Dans le quatriéme chapitre, on a étudié un probléme de controle stochastique de second-
ordre pour systems de type mean-field. On a présenté notre premiére contribution, ot on
a prouvé un principe du maximum de seconde-ordre. Les systems considérés sont gouver-
nés par des équations differentielles stochastique EDSs de type McKean-Vlasov. Dans ce
travail, on a présenté notre deuxiéme contribution ot nous prouvons un nouveau seconde-
order principe de maximum stochastique pour une classe de problémes de controle optimal

de type Mckean-Vlasov. Le domaine de controle est supposé convexe. Les dérivées par rap-
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port & la mesure de probabilité et la formule d’It6 associée sont appliquées pour prouver nos
principaux résultats. Dans le cinquiéme chapitre, un principe de maximum stochastique
pour un modeéle stochastique gouvernées par des équations différentielles Itd-stochastiques
controlées non linéaires de type champ moyen est démontré. Nous étudions le probléme
de controle optimal stochastique de type mean-field suivant : Minimiser une fonctionnelle

de cotit de type champ moyen de la forme :

J(a() = E / B(ya(r), i) dya),

Rd

telle que y,(+) solution de t € [0, 7]

;

dyo(t) = [ga e (t,yalt), >0, a(t)) p(dy, )dt

+ foa ¥ (£ ya(®), 1O, a(t)) p(dy,)dW (2),

ya(O) = Yo-

\

ot a(-) est la variable de controle donnée dans un sous-ensemble convexe borné, y,(+)
est la variable d’état controlée, W (-) est un mouvement brownien standard, p¥=® est la

distribution de y,(¢).

10
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Abstract

This thesis is concerned with stochastic optimal control problems of mean-field type.
The central theme is to establish a set of necessary conditions, in the form of stochastic
maximum for a different systems. This thesis is structured around five chapters :

The first chapter is essentially a reminder. We presents some concepts and results that
allow us to prove our results, such as stochastic processes, conditional expectation, mar-
tingales, It6 formulas, different methods of solving of optimal control (maximum principle,
which has been introduced by Pontryagin et al and dynamical programming principle, wich
has been introduced by Bellman) with some different class of stochastic control, (feedback,
singular, impulsional, relaxed, near-optimal, ...etc.

In the second chapter, we present the method of the derivative with respect to pro-
bability measure. This new approch of derivatives has been introduced by P.L Lions
"Cours au Collége de France : Théorie des jeu & champs moyens. hitp ://www. college-
de-france.fr/default/EN /all/equ[1]der/audiovideo.jsp. (2013) »

Recently, in the third chapter of this thesis, we study partially observed optimal sto-
chastic singular control problems of general mean-field with correlated noises between the
system and the observation. The control variable has two components, the first being ab-
solutely continuous and the second is a bounded variation, non decreasing continuous on
the right with left limits. The dynamic system is governed by It6-type controlled stochastic
differential equation with jumps. The coefficients of the dynamic depend on the state pro-
cess as well as of its probability law and the continuous control variable.In this work, we
formulate this problem mathematically as a combined stochastic continuous control and
irregular control problem. We study partially observed optimal stochastic intervention
control problem for systems governed by mean-field SDEs with correlated noisy between
the system and the observation, allowing both classical and intervention control.

In the fourth chapter, we establish a second-order stochastic maximum principle for

optimal stochastic control of stochastic differential equations of general mean-field type.

11
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The coeflicients of the system are nonlinear and depend on the state process as well as of its
probability law. The control variable is allowed to enter into both drift and diffusion terms.
We establish a set of second-order necessary conditions for the optimal control in integral
form. The control domain is assumed to be convex. The proof of our main result is based on
the the first and second-order derivatives with respect to the probability law and by using
a convex perturbation with some appropriate estimates. In the fifth chapter, a maximum
principle for stochastic model governed by mean-field nonlinear controlled Ité-stochastic
differential equations is proved. We study the following mean-field-type stochastic optimal

nonlinear control problem : Minimize a mean-field cost functional

J(@()=E | @(ya(r), @ T)uldya),

R4

subject to y,(-) solution of the (MF-SDE) : t € [0, 7]

[ dya(t) = fo 0 (£ yalt), 27O, a(t)) p(dy,)dt

+ Joa ¥ (£, ya(t), 17O, a(t)) p(dy,)dW (2),

[ ¥a(0) = yo.

where, a(-) is the control variable valued in a convex bounded subset U C R*, y, (-) is the

controlled state variable, W (-) is a standard Brownian motion, u¥® is the distribution of

Yo (t>

12
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General Introduction

The McKean-Vlasov type stochastic differential equations are Itd stochastic differential
equations, where the coefficients of the state equation depend on the state process as well
as its probability law. This type of equations was studied by Kac (1959) as a stochastic
model for the plasma Vlasov equation and whose study was initiated by McKean (1966) to
provide a rigorous treatment of special nonlinear partial differential equations. This thesis
is concerned with stochastic optimal control problems of mean-field type. The central
theme is to establish a set of necessary conditions, in the form of stochastic maximum for
a different systems.

This thesis is structured around five chapters :

The first chapter is essentially a reminder. We presents some concepts and results that
allow us to prove our results, such as stochastic processes, conditional expectation, mar-
tingales, It formulas, different methods of solving of optimal control (maximum principle,
which has been introduced by Pontryagin et al and dynamical programming principle, wich
has been introduced by Bellman) with some different class of stochastic control, (feedback,
singular, impulsional, relaxed, near-optimal, ...etc.

In the second chapter, we present the method of the derivative with respect to pro-
bability measure. This new approch of derivatives has been introduced by P.L Lions
"Cours au Collége de France : Théorie des jeu & champs moyens. hitp ://www. college-
de-france.fr/default /EN /all/equ[1]der/audiovideo.jsp. (2013) »

Recently, in the third chapter of this thesis, we study partially observed optimal sto-
chastic singular control problems of general mean-field with correlated noises between the
system and the observation. The control variable has two components, the first being ab-
solutely continuous and the second is a bounded variation, non decreasing continuous on
the right with left limits. The dynamic system is governed by Ito-type controlled stochastic

differential equation with jumps. The coefficients of the dynamic depend on the state pro-

13
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cess as well as of its probability law and the continuous control variable.In this work, we
formulate this problem mathematically as a combined stochastic continuous control and
irregular control problem. We study partially observed optimal stochastic intervention
control problem for systems governed by mean-field SDEs with correlated noisy between
the system and the observation, allowing both classical and intervention control of the

form : ¢t € [0, 7]

;

d$u7§ (t) - f(t7 x%f (t> 7]P)x“v§(t)7 U (t>)dt + O'(t, l.u,{ (t) 7Pz“*§(t)a Uu (t))dW (t)
+ f@ g(tv 't (t*) ) Pr"vé’(t_)a u (t) ) 9)77((19, dt)

+ot, 2 (t) , Pyue (e, u (£)dW (£) + G(£)AE(E),

%% (0) = o,

\

where Pue) = Po ($“’5)71denotes the law of the random variable z%¢
We assume that the state process 2V (-) cannot be observed directly, but the controllers

can observe a related noisy process Y'(-), which is governed by the following equation :

dY (t) = h(t,z*< (t), v (t))dt + dW (¢)

This martingale allowed to define a new probability, denoted by PV on the space (2, F), to
emphasize the fact that it depend on the control v (+). It is given by the Radon-Nikodym

derivative :

Ll IR
aP |, P

14
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Hence, by Girsanov’s theorem and hypothesis (C1) and (C2), PV is a new probability

measure of density p(t). The process

Wit)=Y(t) — /0 h(s,z"* (s),v (s))ds,

is a standard Brownian motion independent of W (-) and z( on the new probability space
(Q,F, Fi, PY).
By using Radon-Nikodym derivative, and the martingale property of p*(t), the cost func-

tional can be written as

J((),£()) = E UO POt (1), Py, v(t)dt + p" (T)1(2"4(T), Proe(ry)

n /[ , #OM D).

In terms of a classical convex variational techniques, we establish a set of necessary conti-
ditions of optimal singular control in the form of maximum principle. Our main result is
proved by applying Girsanov’s theorem and the derivatives with respect to probability law
in P.L.. Lions’ sense. An example is given to illustrate our theoretical result. The results

obtained in Chapter §3 are all new and are the subject of a first article entitled :

Fatiha Korichi, Samira Boukaf, Mokhtar Hafayed, : Stochastic intervention control
of mean-field Poisson-jump-system with noisy observation via L-derivatives with respect
to probability law . Boletim da Sociedade Paranaense de Matematica Vol 42 , 2024

pp 1-25.

In the fourth chapter, we establish a second-order stochastic maximum principle for
optimal stochastic control of stochastic differential equations of general mean-field type.
The coefficients of the system are nonlinear and depend on the state process as well as of

its probability law. The control variable is allowed to enter into both drift and diffusion

15
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terms. We establish a set of second-order necessary conditions for the optimal control in
integral form. The control domain is assumed to be convex. The proof of our main result
is based on the the first and second-order derivatives with respect to the probability law
and by using a convex perturbation with some appropriate estimates.

The systems is governed by nonlinear controlled It6 stochastic differential systems.

dzt(t) = f (t,2"(t), Prugsy, u(t)) dt + o (t,2"(t), Ppugey, u(t)) dW (1),

x"(0) = zp.

The expected cost to be minimized over the class of admissible controls has the form
T
0

Our control problem under studied provides also an interesting models in many ap-
plications such as economics and mathematical finance. This result extends the results
obtained in ” Zhang H., Zhang X. : Pointwise second-order necessary conditions for sto-
chastic optimal controls, Part I : The case of convex control constraint, SIAM J. Control
Optim. 53(4), 2267-2296 (2015)” to a class of continuous-singular stochastic control with
jumps under partial pbservation. The results obtained in Chapter §4 are all new and are

the subject of a second article entitled :

Samira Boukaf & Fatiha Korichi & Mokhtar Hafayed,& Muthukumar Palanisamy. On
pointwise second-order maximum principle for optimal stochastic controls of general mean-
field type. Asian Journal of Control, Doi : 10.1002/asjc.3271, Vol 26 (2) pp 790-802 (2024)

In the fifth chapter, a maximum principle for stochastic model governed by mean-field
nonlinear controlled Ito-stochastic differential equations is proved. We study the following
mean-field-type stochastic optimal nonlinear control problem : Minimize a mean-field cost

functional

J(@@)=E | @(ya(r), = T)uldya),

R4

16
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subject to y,(+) solution of the (MF-SDE) : ¢ € [0, 7]

[ Aya(t) = fo 0 (£ yalt), 72O, a()) p(dy,)dt

+ Joa ¥ (6, ya(t), 17O a(t)) p(dy,)dW (t),

[ Ya(0) = vo.

In the above, a(-) is the control variable valued in a convex bounded subset U C R¥,
Vo (+) is the controlled state variable, W (-) is a standard Brownian motion, p¥=® is the
distribution of y,(¢) and ®, ¢ and 1) are a given maps. The coefficients of our model are
nonlinear and depend explicitly on the control variable, the state process as well as of its
probability distribution. The control region is assumed to be bounded and convex. Our
main result is derived by applying the Lions’s partial-derivatives with respect to random
measures in Wasserstein space. The associated Ito-formula and convex-variation approach
are applied to establish the optimal control. The results obtained in Chapter §5 are all

new and are the subject of a third article entitled :

Fatiha Korichi & Mokhtar Hafayed, Lions’s partial derivatives with respect to probability
measures for general mean-field stochastic control problem. Doi 10.22124 /jmm.2024.27136.2390.
Journal of Mathematical Modeling. (2024), Vol. 12, No. 3, pp. 517-532. (2024)

17



Chapitre 1

Stochastic processes and preliminary

Optimal control theory can be described as the study of strategies to optimally influence
a system x with dynamics evolving over time according to a differential equation. The
influence on the system is modeled as a vector of parameters, u, called the control. It is
allowed to take values in some set U, which is known as the action space. For a control to
be optimal, it should minimize a cost functional (or maximize a reward functional), which
depends on the whole trajectory of the system x and the control v over some time interval
[0, 7. The infimum of the cost functional is known as the value function (as a function of
the initial time and state). This minimization problem is infinite dimensional, since we are
minimizing a functional over the space of functions u(t),¢ € [0,T]. Optimal control theory
essentially consists of different methods of reducing the problem to a less transparent, but

more manageable problem.

1.1 Formulation of stochastic optimal control problem

It is well-known that control theory was founded by N. Wiener in 1948. After that, this
theory was greatly extended to various complicated settings and widely used in sciences
and technologies. Clearly, control means a suitable manner for people to change the dy-

namics of a system under consideration. Let (Q, F, {ft}te[o,T},P) be a given filtered pro-

18
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bability space.

1.1.1 Stochastic process

Let T be a nonempty index set and (2, F, IP) a probability space. A family { X (¢) : t € T}
of random variables from (2, F,P) to R" is called a stochastic process. For any w € € the

map t — X (¢, w) is called a sample path.

1.1.2 Natural fitration

Let X = (X;,t > 0) a stochastic process defined on the probability space (€2, F,P).
The natural filtration of X , denoted by F;* | is defined by FX = o (X,,0 < s < t). Also,

we called the filtaration generated by X.

1.1.3 Brownian motion

The stochastic process (W (t), ¢t > 0) is a brownian motion (standard) iff :

2. t — W(t,w) is continuous.P—p.s.

3. Vs < t, W(t)—W(s) is normally distributed ; center with variation (t — s) i.e W (t) —
W(s) ~ N(0,t — s).

4. Vn, V0 < ty < t; < ... < t,, the variables (th — Wi, s Wi - Wy, Wto) are

independents.The following result gives special case of the It6 formula for jump

diffusions.

19
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1.1.4 Integration by parts formula

Suppose that the processes x;(t) are given by : for i = 1,2, ¢ € [0,7T]] :
dai(t) = f(t,2:(t)) dt 4 o (¢, 2(t)) AW (1)

Then we get

E (21(T)aa(T)) = E [ /0 " (t)dalt) + /0 ' :L’Q(t)dxl(t)}
+ E/OT ol (t,z1(t)) o (t, za(t)) dt.

In this section, we present two mathematical formulations (strong and weak formulations)

of stochastic optimal control problems in the following two subsections, respectively.

1.1.5 Strong formulation

Let (Q, F AFi e IP’) be a given filtered probability space satisfying the usual condi-
tion, on which an d-dimensional standard Brownian motion W (-) is defined, consider the

following controlled stochastic differential equation :

dx(t) = f(t,z(t),u(t))dt + o(t,x(t),u(t))dW(t), L)
z(0) = z9€R",

where

f:00,T] xR"x A — R",

0:[0,7] x R* x A —s R™*4,

and x(-) is the variable of state.

20
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The function wu(-) is called the control representing the action of the decision-makers
(controller). At any time instant the controller has some information (as specified by the
information field {F;}:cjo7]) of what has happened up to that moment, but not able to
foretell what is going to happen afterwards due to the uncertainty of the system (as a
consequence, for any ¢ the controller cannot exercise his/her decision u(t) before the time
t really comes), This nonanticipative restriction in mathematical terms can be expressed
as "u(-) is {F }eeo,r)—adapted".

The control u (+) is an element of the set
U0, T] ={u(-):[0,T] x @ — A such that u (-) is {F;}icp,m — adapted}.
We introduce the cost functional as follows

J(u(-)) = E[/o L(t,z(t),u(t))dt + g(=(T)) |, (1.2)

where
[0, T] x R" x A — R,

g:R" — R.

Definition 1.1. Let (Q, F, {E}te[o,T],P) be given satisfying the usual conditions and let
W (t) be a given d-dimensional standard {F; }c[o,r;-Brownian motion.

A control u(-) is called an admissible control, and (z(+),u(:)) an admissible pair, if

i) u(-) € U[0,T]; x(-) is the unique solution of equation ;

i) I, 2(), u()) € Lk ((0,7] :R) and g(x(T)) € L, (%R).
The set of all admissible controls is denoted by U ([0, 7]). Our stochastic optimal control
problem under strong formulation can be stated as follows :

Problem 1.1 Minimize (1.2)) over U ([0,77]). The goal is to find u*(-) € U ([0,T]), such

21
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that

Jw) = 2k 7wl (1.3)

For any u*(-) € U* ([0,T)) satisfying (|1.3]) is called an strong optimal control. The cor-

responding state process z*(-) and the state control pair (z*(-),u*()) are called an strong

optimal state process and an strong optimal pair, respectively.

1.1.6 Weak formulation

In stochastic control problems, there exists for the optimal control problem another for-
mulation of a more mathematical aspect, it is the weak formulation of the stochastic
optimal control problem. Unlike in the strong formulation the filtered probability space
(Q, F A Fibepm, IP’) on which we define the Brownian motion W (-) are all fixed, but it is

not the case in the weak formulation, where we consider them as a parts of the control.

Definition 1.1.2. A 6-tuple (Q,]:, {Fi e, P, W () ,u()) is called weak-admissible

control and (z(-),u(-)) an weak admissible pair, if
1. (Q, F AF e, lP’) is a filtered probability space satisfying the usual conditions;
2. W (-) is an d-dimensional standard Brownian motion defined on (Q, F, {F; }co.7), P) ;
3. u(-) is an {F; }seo,rj—adapted process on (2, F,P) taking values in U ;
4. x(-) is the unique solution of equation ,
5. 1(,(),u(-)) € Ly ([0,T];R) and g(x(T)) € Ly (%L R).

The set of all weak admissible controls is denoted by U* ([0, 7). Sometimes, might write
u(-)) € U™ ([0, T)) instead of

(Q F AF e, B, W (1) ,u(-) e U ((0,7T]).

Our stochastic optimal control problem under weak formulation can be formulated as

follows :
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Problem 1.1.2. The objective is to minimize the cost functional given by equation (|1.2))
over the of admissible controls 4" (]0,77) .
Namely, one seeks v*(-) = (0, F, {Fi e, P, W (-) ,u(-)) € U* ([0,T]) such that

J () = inf J(v(-))-

v(-)eu([0,77)

1.2 Methods to solving optimal control problem

In optimal control problems, two major tools for studing optimal control are Pontryagin’s

maximum principle and Bellman’s dynamic programming method.

1.2.1 The Dynamic Programming (Bellman Principle)

We present an approach to solving optimal control problems, namely, the method of
dynamic programming. Dynamic programming, originated by R. Bellman (Bellman, R. :
Dynamic programming, Princeton Univ. Press., (1957)) is a mathematical technique for
making a sequence of interrelated decisions, which can be applied to many optimization
problems (including optimal control problems). The basic idea of this method applied to
optimal controls is to consider a family of optimal control problems with different ini-
tial times and states, to establish relationships among these problems via the so-called
Hamilton-Jacobi-Bellman equation (HJB, for short), which is a nonlinear first-order (in
the deterministic case) or second-order (in the stochastic case) partial differential equa-
tion. If the HJB equation is solvable (either analytically or numerically), then one can
obtain an optimal feedback control by taking the maximize/minimize of the Hamiltonian
or generalized Hamiltonian involved in the HJB equation. This is the so-called verification
technique. Note that this approach actually gives solutions to the whole family of problems

(with different initial times and states).

Let (©2,F,P) be a probability space with filtration {F;}cjor], satisfying the usual
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conditions, 7" > 0 a finite time, and W a d-dimensional Brownian motion defined on the
filtered probability space (Q, F,P, {ft}te[o,T]) )
The Bellman dynamic programming principle. We consider the following stochastic diffe-

rential equation

de(s) = f(s,z(s),u(s))ds + o(s,z(s),u(s))dW(s), s €[0,T]. (1.4)

The control u = u(s)o<s<7 is a progressively measurable process valued in the control set
U, a subset of R*, satisfies a square integrability condition. We denote by U ([t, T]) the set

of control processes u.

Conditions. To ensure the existence of the solution to SDE-(|1.4)), the Borelian functions

f:0,T|xR*"x U — R"

o:[0,T] x R* x U — R™
satisfy the following conditions :
[f(tw,u) = f(Ey,u)| + otz u) —o(ty,u)] < Cle—yl,
[f(t 2, u)| + ot 2,u)| < O+ o]
for some constant C' > 0. We define the gain function as follows :
Itz u) = E [ﬁTl(s,m(s),u(s))ds+g(x (T))] , (15)
where

1:[0,T] x R* x U — R,

g:R" — R,
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be given functions. We have to impose integrability conditions on f and ¢ in order for
the above expectation to be well-defined, e.g. a lower boundedness or quadratic growth
condition. The objective is to maximize this gain function. We introduce the so-called

value function :

V(t,z) = sup J(t,x,u), (1.6)

uel([¢,T7)
where z(t) = x is the initial state given at time ¢. For an initial state (¢,x), we say that

u* € U ([t,T]) is an optimal control if
V(t,x) = J(t,z,u").

Theorem 1.1.1 Let (¢,z) € [0,7] x R™ be given. Then we have for t <t +h <T

t+h
V(t,z) = sup E {/ [(s,x(s),u(s))dt +V(t+ h,x(t+h))|,. (1.7)
weld([t,T)) ¢

Proof. The proof of the dynamic programming principle is technical and has been studied

by different methods, we refer the reader to Yong and Zhou [120)].

The Hamilton-Jacobi-Bellman equation. The HJB equation is the infinitesimal
version of the dynamic programming principle. It is formally derived by assuming that the
value function is C12 ([0, T] x R"™), applying It6’s formula to V (s, 2"%(s)) between s = t
and s = t+ h, and then sending h to zero into . The classical HJB equation associated
to the stochastic control problem is

—Vi(t,x) —sup [L*V (t,z) + I(t,x,u)] = 0, on [0,T] x R", (1.8)

uelU

where L£" is the second-order infinitesimal generator associated to the diffusion = with

control u

£V = f(x,u).D,V + %tr (o (x,u) 0T (x,u) D>V) .
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This partial differential equation (PDE) is often written also as :
—Vi(t,x) — H(t,x, D,V (t,z), D?V(t,z)) = 0, VY(t,z)€[0,T] x R, (1.9)
where for (¢,z,¥,Q) € [0,T] x R" x R" x S,, (S,, is the set of symmetric n x n matrices) :

H(t,z,¥,Q) = sup f(t,x,u).\I/—l—%t'r’(aaT (t,x,u) Q)+ Ut z,u)| . (1.10)

uelU

The function H is sometimes called Hamiltonian of the associated control problem, and
the PDE (|1.8) or ([1.9) is the dynamic programming or HJB equation.

There is also an a priori terminal condition :

V(T,z) = g(z), Vo € R™,

which results from the very definition of the value function V.

The classical verification approach The classical verification approach consists in finding
a smooth solution to the HJB equation, and to check that this candidate, under suitable
sufficient conditions, coincides with the value function. This result is usually called a
verification theorem and provides as a byproduct an optimal control. It relies mainly on
[to’s formula. The assertions of a verification theorem may slightly vary from problem
to problem, depending on the required sufficient technical conditions. These conditions
should actually be adapted to the context of the considered problem. In the above context,

a verification theorem is roughly stated as follows :

Theorem 1.1.2. Let W be a C'? function on [0,7] x R™ and continuous in 7', with

suitable growth condition. Suppose that for all (t,z) € [0,7] x R", there exists u*(t, z)
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mesurable, valued in U such that W solves the HJB equation :

0 = —Wi(t,z) —sup [L*W (t,z) + (L, z,u)]

uelU

= —Wi(t,x) — LYEDW (¢, 2) — I(t, z,u*(t,z)), on [0,T] x R",

together with the terminal condition W (T,-) = g on R", and the stochastic differential

equation :

dz(s) = f(s,z(s),u*(s,z(s)))ds + o(s,z(s),u*(s,x (s)))dW(t),

admits a unique solution x*, given an initial condition z(¢) = . Then, W = V and
u* (s,x*) is an optimal control for V (¢, z).

A proof of this verification theorem can be found in book, by Yong & Zhou [120].

1.2.2 The pontryagin type stochastic maximum principle

The pioneering works on the stochastic maximum principle were written by Kushner
[69, [70]. Since then there have been a lot of works on this subject, among them, in parti-
cular, those by Bensoussan [I4], Peng [107], and so on. The stochastic maximum principle
gives some necessary conditions for optimality for a stochastic optimal control problem.
The original version of Pontryagin’s maximum principle was first introduced for determinis-
tic control problems in the 1960’s by Pontryagin et al. (Pontryagin,L.S., Boltyanski,V.G.,
Gambkrelidze, R.V., Mischenko, E.F. ) as in classical calculus of variation. The basic idea
is to perturbe an optimal control and to use some sort of Taylor expansion of the state
trajectory around the optimal control, by sending the perturbation to zero, one obtains

some inequality, and by duality.

The deterministic mazximum principle. As an illustration, we present here how the

maximum principle for a deterministic control problem is derived. In this setting, the
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state of the system is given by the ordinary differential equation (ODE) of the form

de(t) = f(t,x(t),u(t))dt, t € [0,T],
(1.11)

z(0) = =z,

where

FIOT]xRx A— R,

and the action space A is some subset of R. The objective is to minimize some cost function

of the form :

Jw() = [y itz(t),ut) + g(z (1)), (1.12)
where

1:0,T] x Rx A— R,

g:R— R.

That is, the function [ inflicts a running cost and the function ¢ inflicts a terminal cost.

We now assume that there exists a control v*(¢) which is optimal, i.e.

J( () = mfJ(u()).

We denote by z*(t) the solution to (1.11)) with the optimal control u*(¢). We are going
to derive necessary conditions for optimality, for this we make small perturbation of the
optimal control. Therefore we introduce a so-called spike variation, i.e. a control which is

equal to u* except on some small time interval :

v forr—e<t<m,
ue(t) = (1.13)
u*(t) otherwise.
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We denote by z(t) the solution to ([1.11)) with the control u(t). We set that x*(¢) and
x°(t) are equal up to t = 7 — € and that

(1) —a*(r) = (f(r,2°(7),v) = f(r,2%(7),u" (7)))e + 0(e)
(1.14)

= (f(ra*(7),v) = f(r,2%(7),u" (7)))e + 0 (e),

where the second equality holds since x°(7) — 2*(7) is of order €. We look at the Taylor

expansion of the state with respect to €. Let

() = (1) oo
i.e. the Taylor expansion of z(¢) is
25(t) = x*(t) + 2(t)e + o(e). (1.15)
Then, by
2(1) = f(ra*(r),v) — f(r,2*(7),u* (7). (1.16)

Moreover, we can derive the following differential equation for z(t).

dz(t) = %d:ﬂa(t) |e=o0
6 1> g
- %f(t,x (t),us(t))dt |-=o
= Fult,a%(0), (1) e (1) |-y

= fult, (1), u* (£))2(t)dt,

where f, denotes the derivative of f with respect to z. If we for the moment assume that

29



Introduction, Korichi F. 2024

[ = 0, the optimality of u*(¢) leads to the inequality

1< G0 = o) e
= o (1) o (T) |
= g (1) =(T)

We shall use duality to obtain a more explicit necessary condition from this. To this end

we introduce the adjoint equation :

dU(t) = —fo(t,2*(t),u* (1)U (t)dt, t € [0,T],

U(T) = go(z*(T)).

Then it follows that

i.e. U(t)z(t)) = constant. By the terminal condition for the adjoint equation we have
U(t)z(t) = gu(z*(T))2(T) >0, forall 0 <t <T.
In particular, by
U(r) (f(r2"(7),v) = f(r,2%(7),u" (7))) = 0.
Since 7 was chosen arbitrarily, this is equivalent to
U(t)f(t,z*(t),u*(t)) = irelbf{\ll(t)f(t,x*(t),v), forall 0 <t <T.

By repeating the calculations above for this two-dimensional system, one can derive the
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necessary condition

H(t,z*(t),u*(t),¥(t)) = infH(t,2*(t),v,¥Y(t)) forall 0 <t < T, (1.17)

veU

where H is the so-called Hamiltonian (sometimes defined with a minus sign which turns

the minimum condition above into a maximum condition) :

H(z,u, V) = l(z,u)+ Vf(zx,u),
and the adjoint equation is given by

d¥(t) = —(l(t 2" (1), u™ (1) + folt, 2™ (t), w(£)) ¥ (¢))dt,
(1.18)

U(T) = ga(a™(T)).

The minimum condition (1.17) together with the adjoint equation (1.18]) specifies the

Hamiltonian system for our control problem.

The stochastic maximum principle. Stochastic control is the extension of optimal control
to problems where it is of importance to take into account some uncertainty in the system.

One possibility is then to replace the differential equation by an SDE :

de(t) = f(t,2(t),u(t))dt +o(t,z(t))dW (t),t € [0,T], (1.19)

where f and ¢ are deterministic functions and the last term is an It6 integral with respect
to a Brownian motion W defined on a probability space (Q, F, {E}te[O,T]aP) .

More generally, the diffusion coefficient o may has an explicit dependence on the control :
tel0,7].

de(t) = f(t,2(t),ut))dt + o(t,z(t), u(t))dW (1), (1.20)

The cost function for the stochastic case is the expected value of the cost function (1.12)),
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i.e. we want to minimize
T
S () =B | [ te.s(0),0(0) + g6 (7).
For the case (1.19) the adjoint equation is given by the following Backward SDE :

[ —du(t) = {2 (@), w (@) V() + 0ult, 2" () Q)

(I (t, 27 (8), u™ (1)) ydt — Q(t)dW (1), (1.21)

| V(1) = gu(a(T)).
A solution to this backward SDE is a pair (¥(t), Q(¢)) which fulfills (1.21]). The Hamilto-
nian is

H(,u, W(t), Q) = 1tz u) + () f(tx,u) + Q)a(t, ),

and the maximum principle reads for all 0 <t < T,

H(t, 2" (1), u* (1), O (1), Q(t)) = infH(t,2*(t),u, U(t), Q(t)) a.s. (1.22)

ueU

Noting that there is also third case : if the state is given by ([1.20) but the action
space A is assumed to be convex, it is possible to derive the maximum principle in a local
form. This is accomplished by using a convex perturbation of the control instead of a spike

variation, see Bensoussan 1983 [14]. The necessary condition for optimality is then given

by the following : for all 0 <¢ < T

E/O Ho(t, 2 (1), u* (), (1), Q* (1)) (u — u*(£)) dt > 0.
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Chapitre 2

Derivatives on the Wasserstein space

and class of controls

2.1 Kantorovich Distance Between Probability Mea-
sures

The Monge-Kantorovich Distance is a metric between two probability measures on a
metric space. The Monge-Kantorovich distance has its origins in the mathematical theory
of mass transportation. In 1781, Monge first proposed the mathematical problem of op-
timizing the cost of moving a pile of soil from a given starting configuration to a given
ending configuration. In his original formulation the problem was highly nonlinear, thus
extremely difficult. In 1942, Kantorovich introduced another simple and relaxed version
of this problem.

The Kantorovich metric arises in very different contexts and under different names.
In statistical applications it was known as the Wasserstein distance and more recently
it appeared with the development of fractal geometry and its applications to computer
graphics under the name of Hutchinson distance, see [22].

To be more precise, we assume that probability space (2, F, F;, P) is rich enough in
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the sense that for every pu € X, (Rd) , there is a random variable ¥ € 1.2 (.7-" ; Rd) such that

M:Pﬁ.

2.2 L-derivatives with respect to probability measures

Now, we recall briefly the innovative notion of L-derivatives with respect to probability
distribution over Wasserstein spaces, which was studied by Lions [94], and Cardaliaguet
[27] and the pioneering work by Cardaliaguet et. al. [24] in their study of the so-called
master equation in mean field game systems.

The main idea is to identify a distribution p € Xy (]Rd) with a random variables
U € L? (F;R?) so that p = Py.

Let X, (R?) be the space of all probability measures 1 on (R?, B (R?)) with finite
second moment, i.e, [o, |2|? p(dz) < 400, endowed with the following Wasserstein metric

Do(-,-); for p, v € Xy (RY),

:
D =  inf —y?6 (dz,d
A(1.v) 5(_’,)611;2@%){[/@9@ o6 ) }

where 4 (-,-) € X5 (R*) | § (4, R?) = p(A), 6 (R?,B) = v (B).

This distance is just the Monge-Kankorovich distance when p = 2. Moreover, it has
been shown that (X5(R™), D (-,-)) is a complete metric space.

Example : For example, if y; = d,, and ps = 6., be two degenerate Dirac measures

located at points z; and x5 (respect.,) in R, then we have

Dy (M17/~b2) = |£L’1 - 332| .
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2.3 Lift function

Definition 2.3.1 (Lift function) Let ® be a given function such that ® : X, (R?) — R.

We define the lift function ® : L2 (F;R?) — R such that

®(Z)=®(Pz),Z € L? (F;RY).

Clearly, the lift function ® of ®, depends only on the law of random variable Z €

L2 (]—" ; Rd) and is independent of the choice of the representative Z.

A function f : X, (R?) — R is said to be differentiable at 1 € X5 (R?) if there exists Zy €
L2 (.7-" ; Rd) with 19 = Pz, € Xy (Rd) such that its lift function fis Fréchet differentiable
at Zy. More precisely, there exists a continuous linear functional Df() L2 (f ; ]Rd) — R

such that

F(Zo+7) = F(Z) = (D (Zo),7) +o(l7]l) (2.1)

=D.,f (MO) +o0 (||T||2) )

where (-, -) is the dual product on L? (]—" : Rd) , and we will refer to D, f (1) as the Fréchet
derivative of f at pg in the direction 7.

In this case, we have

D: f (o) = <D]7(Zo) ,7'>

:%ﬂ%+m

, With g = Py,.
t=0

So,

D.f(Pa) = % [F (2o +17)] (2.2)

t=0
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From ({2.2)), then we obtain the following form of the Taylor expansion

f(Pz) = [ (Pzy) = Daf (Pz) + € (1), (2.3)

where & (7) is of order o (||7]|,) with o (||7[|,) — 0 for 7 (-) € L* (F;R?).

Riesz representation theorem Let H ba a Hilbert space Let f ba a continuous linear

functional f € H*, then there exists a unique y € H such that

f(z) = (y,2),

for any x € H, Moreover, ||y| = | f] -

By using the Riesz’ representation theorem, there is a unique random variable Z, in the

Hilbert space L2 (F;R?) such that

(DF(2),7) = (Zo.7)y = El(Zo,7)]

where 7 (-) € L? (F;RY) .
It was shown, see the works of Lions [94], see also Cardaliaguet [27], Buckdahn, Li,
and Ma [?], that there exists a Boral function 1 [i0] : R? — RY, depending only on the

law pg = Pz but not on the particular choice of the representative Z such that
Zo = [po] (Z) .
Thus, we can write as VU € L2(F;RY).
f(Po) = [ (Pz) = W [uol (2) .0 = Z)y + o (|0 = Z]|,) .

We denote 9,f (Pz,y) = ¥ [uo] (v), y € RY. We note that for each p € X, (RY),
Ouf (Pz,-) =9 [Pz] () is only defined in a Py (dx) — a.e sense, where p = Py.
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2.4 Space of differentiable functions in X, (Rd)

Space of differentiable functions in X, (]Rd).

Definition 2.4.1. We say that the function f € C;"' (X, (R?)) if for all ¥ € L2 (F;R9)
there exists a Py-modification of 8, f (Py, -) such that 9, f : X5 (R?) x R? — R? is bounded
and Lipchitz continuous. That is for some C' > 0, it holds that
(i) 10.f (1, 2)] < C, Vu € Xy (R, Vo € R
(ii) [0 f (11, 2) = Ouf (2, )| < C (Do, pi2) + |z —yl), ¥ pur, o € Xp (R?) |V 22,y € RY.

Second-order derivatives with respect to probability law : We present a second order
derivatives with respect to measure of probability.

Let g € Cp'(T2(R™)) and consider the mapping (9,9 (,); 50,9 (-, )g s 3ug (),
[H(R") x R® — R™

Definition 2.4.2. We say that the function g € C2"' (Xy(R™)) if g € €' (Xo(R™)) such
that d,9(-, z) : Xo(R") — R
(1) 9,9(-,y)i € CYH(X(R™), Vy € R and i € {1,2,...,n}.

(2) 0u9(p, ) : R* — R” is differentiable, for every p € Xy(R").
(3) The maps
0:0,9(-, ) : Xo(R") x R" — R" @ R"

and

029(Pry,y, 2) : Xo(R") X R" x R" - R" @ R"

are bounded and Lipschitz continuous, where

azg(ona y? Z) = aﬂ [aﬂg<7y)] (Pfﬂm Z) .

2.5 Control classes

Let (2, F, Fi>0, P) be a complete filtred probability space.
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1. Admissible control An admissible control is F;-adapted process u(t) with values in

a borelian A C R"

U :={u(-): [0, 7] x Q@ — A:u(t) is Fr-adapted} . (2.4)

2. Optimal control The optimal control problem consists to minimize a cost functional

J(u) over the set of admissible control U. We say that the control u*(-) is an optimal

control if

J(u*(t)) < J(u(t)), for all u(-) € U.

3. Near-optimal control Let ¢ > 0, a control u°(-) is a near-optimal control (or e-

optimal) if for all control u(-) € U we have

T (8) < J(u(t)) +e. (2.5)

See for some applications.

4. Singular control. An admissible control is a pair (u(-),£(-)) of measurable A; X
Ay—valued, F;—adapted processes, such that £(-) is of bounded variation, non-decreasing
continuous on the left with right limits and £(0_) = 0. Since d{(t) may be singular with
respect to Lebesgue measure dt, we call £(+) the singular part of the control and the process

u(-) its absolutely continuous part.

5. Feedback control : We say that u(-) is a feedback control if u (-) depends on the
state variable X (-).

If FX the natural filtration generated by the process X, then u (-) is a feedback control
if u () is F;¥ —adapted.
6. Robust control. In the problems formulated above, the dynamics of the control
system is assumed to be known and fixed. Robust control theory is a method to measure

the performance changes of a control system with changing system parameters. This is
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of course important in engineering systems, and it has recently been used in finance in
relation with the theory of risk measure.

Indeed, it is proved that a coherent risk measure for an uncertain payoff z(7') at time
T is represented by :

p(—X(t) = sup, E°(X(T)),

where M is a set of absolutly continuous probability measures with respect to the original

probability P.

7. Partial observation control problem It is assumed so far that the controller com-
pletely observes the state system. In many real applications, he is only able to observe
partially the state via other variables (called observed variable) and there is noise in the
observation system. For example in financial models, one may observe the asset price but
not completely its rate of return and /or its volatility, and the portfolio investment is based
only on the asset price information. This may be formulated in a general form as follows :

we have a controlled (unobserved) process governed by the following SDE :

da (t) = f (2 (), y(t),u(t))dt +o @, (t),y(t),u(t)dW (1),

and y (t) an observation process defined by

dy (t) = h(t,x (1), u(t))dW (1),

where B (t) is another Brownian motion, eventually correlated with W (¢). The control
u(t) is adapted with respect to the filtration generated by the observation F}" and the cost

functional to optimize is :
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8. Ergodic control Some stochastic systems may exhibit over a long period a stationary
behavior characterized by an invariant measure. This measure, if it does exists, is obtained
by the average of the states over a long time. An ergodic control problem consists in
optimizing over the long term some criterion taking into account this invariant measure.

(See Pham [106], Borkar [16]). The cost functional is given by

T—+o0

lim sup %E/O flaz(t),u(t))dt.

9. Random horizon In classicla problem, the time horizon is fixed until a deterministic
terminal time 7. In some real applications, the time horizon may be random, the cost

functional is given by the following :

where 7 s a finite random time.

10. Relaxed control The idea is to compactify the space of controls U by extending the
definition of controls to include the space of probability measures on U. The set of relaxed
controls p; (du) dt, where p; is a probability measure, is the closure under weak™ topology
of the measures ) (du)dt corresponding to usual, or strict, controls. This notion of relaxed
control is introduced for deterministic optimal control problems in Young ( Young, L.C.
Lectures on the calculus of variations and optimal control theory, W.B. Saunders Co.,

1969.) (See Borkar [16]).

11. Impulsive control. (Impulse control). Here one is allowed to reset the trajectory at
stopping times 7; from X, (the value immediately before i) to a new (non-anticipative)

value X, , resp., with an associated cost M (Xn,,Xn) . The purpose of the controller is
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to minimizes the cost functional :

In this model, we should assume that M (X, X,,_) > d for some § > 0 to avoid infinitely
many jumps in a finite time interval.

Some recent examples and applications on control classes can be found in [16], [60],

[106] and [120).
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Chapitre 3

Stochastic intervention control of
mean-field jump system with noisy
observation via L-derivatives with

application to finance

3.1 Introduction

In this chapter, we study stochastic optimal intervention control of mean-field jump system
with noisy observation via L-derivatives on Wasserstein space of probability measures We
derive the necessary conditions of optimality for partially observed optimal intervention
control problems of mean-field type. The coefficients depend on the state of the solution
process as well as of its probability distribution and the control variable. The proof of
our main results are obtained by applying L-derivatives in the sense of Lions. In our
control problem, there are two models of jumps for the state process, the inaccessible
ones which come from the Poission process and the predictable ones which come from

the intervention control Finally, we apply our result to study conditional mean-variance
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portfolio selection problem with interventions, where the foreign exchange interventions
are intended to contain excessive fluctuations in foreign exchange rates and to stabilize

them.

Since the development of nonlinear filtering theory, stochastic control problems under
partial observation have received much attention and became a powerful tool in many
fields with important applications, such as finance and economics, etc. In many situations,
the states of the systems cannot be completely observed ; however, some other processes
related to the unobservable states can be observed. Such subjects have been discussed by
many authors, such as Wang, Wu and Xiong [I11], Wang, Zhang, and Zhang [I15], Wang,
Wu and Xiong [I13], Bensoussan and Yam [I8], Wang, Shi and Meng [112], Lakhdari,
Miloudi and Hafayed [75], Miloudi et al [I0I], Abada, Hafayed and Meherrem [2].

General mean-field type stochastic differential equations (SDEs) are It6’s stochastic
differential equations, where the coefficients of the state equation depend on the time
variable, the state of the solution process as well as of its probability law. In his course
at Collége de France [94], (refer to Cardaliaguet [27] for the written version) P.L. Lions
introduced and studied the innovative notion of new derivatives with respect to measure
over Wasserstein spaces. Strongly motivated by these works, Buckdahn et al, [I9] proved
the necessary conditions for general mean-field systems. Stochastic maximum principles
for general mean-field models were later studied in [I0T), 9], [38].

Stochastic irregular (singular or impulse) control problems have received considerable
attention in the literature. There are numerous papers by different authors investigating
the stochastic optimal singular or impulse control problems, e.g., Cadenillas and Hauss-
mann [25], Dufour and Miller [30], Hafayed and Abbas [42], Zhang [79], Jeanblanc-Piqué
[80], Korn [74], Wu and Zhang [?]. An extensive list of recent references to singular control
problem, with some applications in finance and economics can be found in [42] 65 78], [81].
Optimal control problems for SDEs with jump processes have been investigated by many

authors, see for instance, [21], 23, 83, 84]. A good account and an extensive list of refe-
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rences on jump processes can be founded in [82] for a comprehensive theoretical study of

the topic.

In the present chapter, we study a new mean-field type intervention control problem.
We establish a new set of necessary conditions of optimal intervention control for general
mean-field jump systems. Our mean-field dynamic is governed by SDEs with a random
measures and an independent Brownian motion, with noisy observation. The coefficients of
our mean-field dynamic depend nonlinearly on both the state process as well as of its pro-
bability law. The control domain is assumed to be convex. The L-derivatives with respect
to probability measure and the associate [to-formula are applied to prove our main results.
Noting that our general mean-field partially observed control problem occur naturally in
the probabilistic analysis of financial optimization problems. Our model of partially obser-
ved intervention control problem play an important role in different fields of economics and
finance, as conditional mean variance portfolio selection problem with discrete movement
in incomplete market. Also, optimal consumption and portfolio problem under proportio-
nal transaction costs. Moreover, the exchange rate under uncertainty, where government

has two means of influencing the foreign exchange rate of its own currency :

1. At all times t the government can choose the domestic interest rate.
2. At selected times 7; the government, or bank can intervene in the foreign exchange
market by selling or buying large amounts of foreign currency.

In our model of mean-field control problem, there are two types of jumps for the state
processes, the inaccessible ones which come from the Poission process and the predictable
ones which come from the intervention control.

As an illustration, by applying our result, conditional mean-variance portfolio selection
problem with interventions with incomplete market is discussed. In financial markets three
important objectives of interventions : to influence the level of the exchange rate, to
dampen exchange rate volatility or supply liquidity to foreign exchange markets; and to

influence the amount of foreign reserves. Banks intervene in foreign exchange markets in

44



Chapter 3, McKean-Vlasov system with jumps under noisy observation Korich F. 2024

order to achieve a variety of overall economic objectives, such as controlling inflation,
maintaining competitiveness or maintaining financial stability.

The rest of this chapter is organized as follows. Sect. 2 begins with a formulation of
the partially observed control problem of general mean-field differential equations with
Poisson jump processes. We give the notations and definitions of the L-derivatives on the
Wasserstein space via P.L. Lions sense and assumptions used throughout the work. In Sect.
3, we prove the necessary conditions of optimality which are our main results. Conditional
mean-variance portfolio selection problem with interventions is also given in Sect. 4. At
the end of this work, some discussions with concluding remarks and future developments

are presented in the last Section.

3.2 Formulation of the problem and preliminaries

Spaces and notations. Let T is a fixed terminal time and (2, F, F;, P) be a complete
filtered probability space on which are defined two independent standard one-dimensional
Brownian motions W (-) and Y(-). Let R" is a n-dimensional Euclidean space, R"*? the
collection of n x d matrices. Let k(-) be a stationary F;-Poisson point process with the
characteristic measure m (df). We denote by 7 (df, dt) the counting measure or Poisson
measure defined on © x R, where O is a fixed nonempty subset of R with its Borel o-field
B(©) and set 77(df,dt) = 7 (df,dt) — m (df)dt satisfying [o(1 A 10]*)m (df) < oo and
m(0) < +oo.

Let YV, FY and F/ be the natural filtration generated by W (-), Y(-) and n(-,-)
respectively. We assume that F, = FV v FY v F'V N, where N denotes the totality
of P-null sets. We denote by (-,-) (resp. | - |) the scalar product (resp., norm), F ()
denotes the expectation on (Q, F, F;, P) . Throughout this work, we denote by L2 (F;; R")
the space of R"-valued F;-measurable random variable X, such that E(|X|*) < 400

and by M? ([0, T];R) : the space of R-valued F;-adapted measurable process g(-), such
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that EfOT Jolg(t,0)]>m (d0) dt < +oo. Let L2 (F;R?) be the Hilbert space with inner
product (X,Y), = E[X.Y],where X,Y € L2 (F;R%) and the norm | X5 = (X, X),.
Let X, (R?) be the space of all probability measures y on (R? B (R?)) with finite second
moment, i.e, [p, |z|* p(dz) < 400, endowed with the following Wasserstein metric Dy(-, -) ;

for p,v € X, (]Rd) ,

3
D —  inf —y?6 (dz.d
A(1.9) 5(_’,)61%@%){[/@90 o6 . ) }

where 4 (-,+) € X5 (R*) | § (A, R?) = p(A), 6 (R?, B) = v (B).

3.2.1 Derivatives on the Wasserstein space

We would like to point out that the version of 0, f (Py,-), ¥ € L? (F;R?) indicated in
the above definition is unique.
Let (Q, F , ft, 73) be a copy of the probability space (2, F, F;, P) . For any pair of random
variable (91,7;) € L2 (.7:; ]Rd) x 1.2 (]:; Rd) , we let (19A1,19A2) be an independent copy of
(1, 19) defined on (SA),]? , }A},ﬁ). We consider the product probability space (£ x ﬁ, F®
F.F, ® F,, PRP) and setting (U1, 02)(w, @) = (91(D), 92(@)) for any (w, @) € Q x Q.
Let (u(t),7 (t)) be an independent copy of (u (t),x (t)) so that Px(t):ﬁgg(t). We denote by
E() = Eﬁ () the expectation under probability measure P and Py = PoX ! denotes

the law of the random variable X.
Let A; be a closed convex subset of RF and A, := [0, +00)™ .

Definition 3.2.1. An admissible continuous control u (-) is an FY-adapted process
with values in A, satisfies sup,c(o 7 (F|u(t)|") < oo, n = 2,3,.... We denote by U} the
set of the admissible regular control variables.

Definition 3.2.2. An intervention control is a stochastic irregular process () of
measurable Ay, —valued, F¥ —adapted processes, such that the process £(+) : [0, T]xQ — A,

is non-decreasing continuous on the right with left-limits, with bounded variation and
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£(0) = 0. Moreover, E(|((T)[") < oo for any p > 2. We denote by Uy the set of the
admissible intervention control variables.

Definition 3.2.3. An admissible combined control is a pair (u(-),&(+)) of measurable
Ay x Ay—valued, F¥ —adapted processes, such that the process u(-) : [0,T] x Q — A is
regular process and () : [0,7] x © — A, is an intervention control given by Definition

2.2. We denote by U} x U) the set of the admissible combined control variables.

3.2.2 Partially observed optimal intervention control Model

In this work, we formulate this problem mathematically as a combined stochastic
continuous control and irregular control problem. We study partially observed optimal
stochastic intervention control problem for systems governed by mean-field SDEs with
correlated noisy between the system and the observation, allowing both classical and

intervention control of the form : ¢ € [0, T

dxu,ﬁ (t> = f(ta l.u,f (t) 7quv5(t)v U (t))dt + U(ta xu,& (t) 7]P):B“v5(t)> u (t))dW (t)
+ f@ g(tv 't (t*) ) quvf(t,ﬁ u (t) ) 6>ﬁ(d97 dt)

+ ot, 7€ (£) , Pyue(, u (£)dWV (£) + G(£)dE(E),

(3.1)

%% (0) = o,

\

where P,y = Po (2%€) ' denotes the law of the random variable 2%¢. The mappings
x5 (t)

f:00,T] x R x X5(R%) x A} — R"

o :[0,T] x R" x X5(R?) x Ay — M(R™*?)

¢ ]0,T] x R" x Xo(RY) x A; — M(R™?)
g:[0,T] x R" x X5(RY) x A; x © — M(R™?)

G:[0, 7] - R"
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are given deterministic functions.
Suppose that the state processes ¢ () cannot be observed directly, but the controllers

can observe a related noisy process Y (-), which is governed by the following equation

dY (t) = h(t, 2% () ,u (t))dt + dW (t)
(3.2)

where b : [0, T]xR" x A; — R", and W (+) is a stochastic process depending on the control

Consider the cost functional

T (),€0)) = B [ |t Py utiar (33

(e (T, Prucgy) + M(t)dﬁ(t)] |
[0,1]

Where [ : [0, 7] x R" x X5 (R) x A — R, ¥ : R" x X3 (R) — R and E* stands for the

mathematical expectation on (2, F, F;, P*) defined by

E"(X) = Epu(X) = /Q X (w)dP" (w).

In this work, we shall make use of the following standing assumptions.
Assumption (H 3.1) The maps f,0,¢,0 : [0,7] x R x X3 (R) x Ay — R and ¢ : R x
X5 (R) — R are measurable in all variables. Moreover, f(t,-,-,u), o(t,-, -, u), c(t,-, -, u),
It u), gt u,0) € C' (Rx Xy (R),R) and ¢ (-,-) € Cp' (R x X, (R),R) for all

U,GAl.

Assumption (H 3.2) Let ¢ (x,u) = f(t,x, pu,u), o(t,z, p,u), c(t,z, p,u), Ut z, g, u),
g(t,z, p,u,0), (x, p), the function ¢ (-, -) satisfies the following properties :
(1) For fixed x € R and p € Xy (R), the function ¢ (-,u) € Ci(R) and ¢ (z,-) €
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(C;’l(Xg (]Rd) ,R). All the derivatives ¢, and J,p, for ¢ = f,0,c,1,7) are bounded and
Lipschitz continuous, with Lipschitz constants independent of v € A;. Moreover, there

exists a constants C' (T, m(©)) > 0 such that

sup |g. (t, z, g, u, 0)] + sup |0,9 (¢, @, p, u, 0)] < C.
0cO 0cO

sup | g, (¢, @, py u, 0) — go (6,27, 1w, 0)| + sup |0,g (8, , wyu, 0) — 0,9 (8,2, 1’ u, 0)]
0co 0cO

< Clle— 2| + Do, 1] -

(2) The functions f,0,¢,g and [ are continuously differentiable with respect to control
variable u (-), and all their derivatives are continuous and bounded. Moreover, there exists

a constants C' = C' (T, m(0)) > 0 such that

sup | g (¢, x, p,u, 0)| < C.
0cO

The function h is continuously differentiable in  and continuous in v, its derivatives and

h are all uniformly bounded which satisfies the following Novikov’s condition :

(exp[ / (s, z" s)|” dsD < 0. (3.4)

Assumption (H 3.3) The functions G (+) : [0,7] x 2 — R, and M () : [0, 7] x @ — R*
are continuous and bounded.

Clearly, assumption (H 3.3) allows us to define integrals of the form f G(t)d&(t) and
f[o,T] &(t). Moreover, under assumptions (H1), (H2) and (H3), for any (u (+),&(+) €
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UY x U) the mean-field equation (3.1]) admits a unique strong solution z¢ (¢) given by

" =20 + / f(s,z" Pz (5)],u (s5))ds + o (s, 2 (s), Pz ()], u (s))dW (s)

cs,a"¢ (s), Pl ()], u (s))dW (s)

/ / 6,2 (s_), Pla€ (s )], u (s), )77 (d6, ds)

+ /[O | Gle)

We define the FY —martingale a*(¢) which is the solution of the equation

da"(t) = a"(t)h (¢, z™5(t), u(t)) dY(t),

a*(0) = 1.

(3.5)

This martingale allowed to define a new probability P* on the space (€2, F), to emphasize

the fact that it depend on the control u (+). It is given by the Radon-Nikodym derivative :

dp
dP |z

= " (1). (3.6)

From the linear equation (3.5)), and by a simple computation, we can get

a“(t):exp{/oth( wE(s), u(s))dY (s —-/ (s, 2"¢(s), u(s)Pds| . (3.7)

This type of equations are called Doléan-Dade’s exponential. We note that E*(¢(X))

refers to the expected value of W(X) with respect to the probabilily law P". Moreover,
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since dP" = o*(t)dP, we have

Applying It6’s formula, we can prove that supe ) E (Ja"(t)]") < 400, n > 1. By Gir-
sanov’s theorem and assumptions (H 3.1), (H 3.2) and (H3.3), P* is a new probability

measure of density a“(t). The process

is a standard Brownian motion independent of B () and z( on the new probability space
(Qaf-yftapu> :
By Radon-Nikodym derivative (3.6)), with the martingale property of a*(t), the cost func-

tional (3.3)) can be written as

J(u(-),&() =E UO a (O)U(t, x5 (), Pyus gy, u(t))dt + o (T)(a(T), Pla™* (T)])
(3.8)

+Aﬂwwawﬂ.

The main purpose of this work is to prove stochastic maximum principle, also called
necessary optimality conditions for the partially observed optimal control of mean-field
Poisson jumps.

Notice that the jumps of a singular control £(-) at any time ¢; denote by A&(t;) = £(¢;) —
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&(t;—) and we define the continuous part of the intervention control by

€1t =€) = D AL(ty).

0<t;<t

Here |£]| (¢) the process obtained by removing the jumps of £(%).
Throughout this work, we distinguish between the jumps caused by the intervention
control £(+) and the jumps caused by the random Poisson measure at any jumping time

t.The jumps of 2%¢(t) caused by the intervention control £(-) by
Agxe(t) = G()AE(t) = G(t)(E(t) — &(t-)), (3.9)

and the jumps of 2*¢(t) caused by the Poisson measure of 77(6,t) by

Az (t) = /@ g (t, 2" (o), P [z“5(t2)] ,u(to),0) 7(d6, {t}) (3.10)
g (t,z(t_), Plz"4(¢-)], u(t_),0) : if £ has a jump of size 6 at time ¢.

0 : otherwise,

where 77 (d6, {t}) means the jump in the Poisson random measure, occurring at time ¢.
Finally, the general jump of the state processes z%¢(-) at any jumping time ¢ is given
by
Az™E(t) = 3“8 (t) — a"E (1) = D™ (1) + A, x4 (t). (3.11)

3.3 Necessary conditions for optimal intervention control

in Wasserstein space

In this section, we prove the necessary conditions of optimality for our partially ob-
served optimal intervention control problem of general mean-field stochstic differential

equations with jumps. The proof is based on Girsanov’s theorem, the derivatives with
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respect to probability measure in Wasserstein space and by introducing the variational

equations with some estimates of their solutions.

3.3.1 Main results

Hamiltonian. We define the Hamiltonian
H:0,T]xRxX3(R) x A; x RxRXxRXxRxR—R,
associated with our control problem by

H(t,z, p,u, @ (1), Q (), Q(8) K (1), R(t.0))
=1(t,x, p,u) + f(t,x, p,u)® () + o(t, z, p,u)Q (¢)

+ ot u,u)Q (t) + h(t, o, u) K (t) + /@g (t,x, u,u,0) R(t,0)m(d6). (3.12)

Adjoint equations. We are now ready to introduce two new adjoint equations that will be

the building blocks of the stochastic maximum principle and

[ _aa () = [+ E[0.F ()3 0] +0.()Q)
e (0Q (1) + B [0,2() o] +L.(t)+ B [0.(1)
+ Jo |90 (1,0) R(1,0) + 0,5 (1,0) R(2,0)] | m (d0) + ho (1)) K ()]

—Q(t)AW (t) — Q)W (t) — [, R (t,0) 7 (d0,dt),

(3.13)

and

—dy(t) = 1(t)dt — =z () AW () — K (£)dW (£) — [, R (t,0) 7 (d6, dt),

y(T) = ((T), P lx(®)]),

(3.14)
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Clearly, under assumptions (H 3.1) and (H 3.2), it is easy to prove that BSDEs ((3.14]) and
(3.13) admits a unique strong solutions, given by

y(t) = ¥((T), P [£(T)]) + / I(s)ds — / 2 (s) AW (s) — / K () dT¥ (s)

—/tT/eR(s,Q)ﬁ(dG,d ).

and

T

~ [ os)yaws) - [ Qes)div(s) — /t /@ R(s,0)7(d0, ds) .

t t

The main result of this chaptre is stated in the following theorem.

Theorem 3.3.1 Let assumptions (H 3.1) (H 3.2) and (H 3.3) hold. Let (u*(-),&*(¢), 2*(-))
be the optimal solution of the control problem (3.1))-(3.3]).

Then there exists (® (1), Q (-),Q(-), K (-), R(-,0)) solution of (3.13)-(3.14) such that

for any (u,&) € Ay x Ay, we have P—a.s., a.e.t € [0,T7],

0 < B [Hy(t, 2" (t) P a*(t)],u* (1), @ (), Q (1), Q (t) , K (t), R(t,0)) (u(t) —u" (1)) | F]
(3.15)

ey [ / (M(t) + GHD()A (€ — ) (1) | FY |,
(0,7

where the Hamiltonian function H is defined by (3.12)).
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3.3.2 Proof of main results

Double convex perturbation. To prove our main result, the approach that we use is
based on a double perturbation of the optimal control. This perturbation is described as
follows :

Let (u(+),&(+)) €Uy xU), be any given admissible control. Let € € (0, 1), and write

w () =u* () +ev(-)  where v(t) = u(t) — u*(t), (3.16)

and

§°(t) = &7 () +e(t) where ((t) = £(t) — £7(1), (3.17)

where ¢ a sufficiently small ¢ > 0. Here (u°(-),£%(+)) is the so called convex perturbation

of (u*(+),&*(+)) defined as follows : for any ¢ € [0, T

(u (), €°(8)) = (u (), £°(1)) + & [(u(t), () — (u(8), E°(@))],

Denote by 2¢(-) = 2% (+) the solution of associated with (u(+),£%(+)) and by o*(-)
the solution of corresponding to u°(-).

We denote by z°(-), z(+), a°(+), a(-) the state trajectories of and correspon-
ding respectively to u®(-) and u(-).

Short-hand notation. For simplification, we introduce the short-hand notation

¥ <t> =@ (tv xu7§ (t)7 qu,g(t), u(t>) ’

" (1) = (t, (1), P [2°(1)], u*(2)),

and
g(t,0) = g(t, x5 (t2), P [2*(t-)] ,u(?),0), h(t)=h(t,z"5(t),u(t)),

g7 (t,0) = g(t,2°(t-), P [2*(t-)] ,u=(£),0),  h= () = h(t,2°(t), u(t)),
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where g, h and ¢ = f, 0, ¢, as well as their partial derivatives with respect to x and w.

Also, we will denote for o = f,0,¢,l and g :

Oup (t) = O (£, (1), P [x(t)], ult); 2(1)) ,

Oup (1) = Oup (1, (1), P [2()], u (1) ; 2(2))

and

Opg (t,0) = Opg (t,x(t-), P [x(t-)], u(t), 6;2(2)),
In order to prove our main result in Theorem 3.3.1, we present some auxiliary results
Lemma 3.3.2 Suppose that assumptions (H 3.1), (H 3.2) and (H 3.3) hold. Then, we

have

limFE [ sup |z°(t) — z*(t)]*| = 0. (3.18)
=0 Jo<te<r

Proof Applying standard estimates, the Burkholder-Davis-Gundy inequality, and Propo-

sition 5.1 in Bouchard and Elie [2I] we have

B| s 070 - (0]

<F / 5 (s) — f* ()| ds + B / 0 (5) — 0" ()2 ds
+E/O \cg(s)—c*(s)|2d8+E/0/@]gg(s,e)—g*(3,9)|2m(d9)ds

Y

v E \ /[ G € ()

According to the Lipschitz conditions on the coefficients f, o, c and g with respect to x, u
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and u, (assumptions (H 3.2)-(H 3.3)), we obtain the following estimation :

E | sup |°(t) - fr*(t)lz] < CTE/O [l2°(s) = &*(s)* + D2 (P [2°(s)], P [2"(5)])[*] ds

0<t<T

t
+ Cpe2E / s (s) — w'(s) [ ds
0

+COre®B|€5(T) = ¢1(T)[.

Applying the definition of Wasserstein metric Dy (-, -), we have

N

Dy (Pla*(s)), Pla*(s))) = inf { [B3(s) — 7() "]

for 7¢(-), 7*(-) € L2 (.7-"; ]Rd) , Plxf(s)] = P[2°(s)] and P [z*(s)] = P [z*(s)] .
From and (3.20), we get

t
E | sup |z°(t) — :c*(t)\2] < C’TE/ sup |z°(r) — z*(r)|* ds + Mpe?.
0

0<t<T rel0,s]

(3.19)

(3.20)

Finally, applying Gronwall’s inequality, the desired result (3.18]) follows immediately by

letting £ go to 0. This achieve the proof of Lemma 3.3.2.

O

Variational equations. Now, we introduce the following variational equations involved
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in the stochastic maximum principle for our control problem

(

AZ(t) = | () Z2(0) + B |9, () 2 (0)] + fult)(u(t) — wr ()] at
+ [ax(t)Z(t) +E [a,ﬁ (1) (t)] Fou(t)(ult) — u (t))] AW (1)
+ [ ZW) + B 0,0 (1) Z (0] + e (8) (u(t) — w ()] W (1

+ Jo |02t O (1) + B 0,9 (1,60) Z (1)] + gu(t,0)(ult) — w(1))] 7 (a6, ),

+G(H)d(E—¢€7) (1),

[N\

(3.21)

and

dayi(t) = [ar(t)h(t) + a(t)h.(t) Z(t) + a(t)hy(t)(u(t) —u*())] dY(2), (3.22)
(65} (0) = 0.

Under assumptions (H 3.1) and (H 3.2), equations (3.21) and (3.22) admits a unique

adapted solutions Z (-) and o (-), respectively.
Lemma 3.3.3 Suppose that assumptions (H 3.1), (H 3.2) and (H 3.3) hold. Then, we
have

0 =ol)_

. T
lim sup £

= 0. (3.23)

Proof Let 1%(t) = U MU Z(t), t € [0,7]. To simplify, we will use the following

)

notations, for ¢ = f,o0,¢c,l and ¢ :

P° (1) = pu (8, 2™ (1), P [2°(1)], u*(1))
927 (8,0) = go (£, 2™ (1), P [2°(1)] . w(2),0)
0o (1) = Oup(s,a°(1), P [2™ (1)] ,us (t); 2(1)),

079 (t.0) = Dug(t,a*(8), P [2 ()], us (1), 65 (1)),
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and
P (s) = (5) £ A (0 (5) + 2 (5).

By simple computations, we get

V(1) = /[f€<> f()]d5+1/[05(5) o (5)] AW (s)

+§/Ot () — / / (5,0) 7(do, ds)

/ / 0e(5,0)2(5) + B 0,9 (5,0) Z (5)] + u(s,6) (u(s) — ' ()] 7(00, )
- [ etnie=e)6)

Now, we decompose %fot [f¢(s) — f* (s)] ds into the following parts

. / [F5(s) — £ ()] ds
1 / [F(s,0%(s), P [e°(5)] ,w(s)) — F(s,2*(5), P [a*(s)] ,u*(5))] ds

€

- %/0 [f(s,2%(s), P [a°(s)] ,u™(s)) — f(s,27(s), P [2°(s)] ,u”(s))] ds
+§/0 [f(s,27(s), P [2°(s)] , u"(s)) = f(s,27(s), P [27(s)] , u"(s))] ds
+§/0 [f(s,2%(s), P [a"(s)],u"(5)) = f(s,27(s), P [27(s)] , u™(s))] ds
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We notice that

1 1

g/ot[fe(s)—f(s,x*(s),’P[ :/O 17249 07 + 2(5)] drds,
! /Ot[fE(S)—f(s,xE(S),P[ as= [ [ B[326)@0 + 2 6] aras
and

é/o [ (s,2(s), P[x(s)], u(s)) — f(s,27(s), P [2"(s)], u"(s))] ds

— /0 /0 [fu (S,x(S),'P [1}(5)] ’UA,a (S)) (u(s) . u*(s))} d\ds.

By applying similar method developed above, the analogue approachs hold for the coeffi-

cients o, ¢ and g. Moreover, from (3.17)), we obtain

L =& (s) — S — &9 (s) =
D ceaE =6 - [ ceaE-e)e

[0.¢]
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Now, we turn our attention to estimate v(s), then we get

/ot /01 |12 ()77 (5)]” dAds

“f ()7 (s)] dads

E|suwp [ (s)]| =C(t) B

s€[0,t]

L — |

~+
[y

+

— S o — o —,

=)
3

~+
[y

o (8)7° (s) }2 dAds

+

~+
—_

S S S 55— 5—

=)
=2

“a(s)7° (s)]” dAds

+

2 (5)7° (s)|" dAds

+
o

~+
—

“e(s)7° (s))]” dAds

_l_
=3

~+

’g;\’a (s,0)~° (s) |2 dAm (df) ds

_|_

=)
>

S—S— ™

0229 (5,0)7° (5))|" dAm (d0) ds

+
o\“
@

_l’_
Q
=

sup IWE(S)IQI ,

m
=)
=

E [(a,jf F(s) = 0,£(5)) zA(s)} dAds

[ (5,2(5), P [2()] .0 (5)) = fu (5)] (uls) — ' (s)) dAds

+
Nc\;c\“c\o\,
9

IS &ﬁy
©
|
Q
o
\N
S
o,
>~
(oW
=
&
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Now, the derivatives of f, o, ¢ and g with respect to (x, u,u) are Lipschitz continuous in

(SL’, H, U), we get
limFE

e—0

sup \Ws(s)d =0.

s€[0,T7]

Note that since the derivatives of the coefficients f, o, ¢ and v are bounded with respect
o (x, i, u), we obtain

sup W(sW] { [ s+ e

s€[0,t]

sup |m°(s)] ]}
s€[0,t]
By applying Gronwall’s lemma, we obtain V¢ € [0, T

<C(t) {E sw |7r€(s>|2] exp {/OtC'(s) ds}} .

Finally, the proof of Lemma 3.3.3 is fulfilled by putting ¢t = T" and letting ¢ go to zero. [J

E

E | sup [7°(s)[’

s€[0,¢]

Now, we introduce the following lemma which play an important role in computing

the variational inequality.

Lemma 3.3.4. Let assumption (H 3.1) hold. Then, we have

lim sup £ ) _ ai(t)| =0. (3.24)

e—=00<t<T €
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Proof. From the definition of o* (-) and «; (+), we obtain

0" (t) + can (t) = a*(0) + /0 0 () ()Y (5)
+e /Ot [ (s) h™ () + " (8)hs (5) Z (5) + () (5) (u (s) — u"(s))] dY (s)
= a*(0) +¢ /0 () ()Y (s)
+ /Ot a’ (s) h(s,z* (s) +eZ (s),u" (s) +ev (s))dY (s)

e / o (3) [ (5)] Y (s),
where

l(s) = /0 [ha(s,27(s) + Ae Z(s), u"(s) + Aev(s)) — hx(s)] Z(s)dA

+ /0 [P (s, 27(s) + Ae Z(s), u*(s) + Aev(s)) — hu(s)] (u(s) — u*(s))dA.
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Then, we have

0¥ (1) — a*(t) — 2au (1)
= [ onoare -« [ memeare)

_ /0 Lot () (5,27 (3) 4 £2 (5) . (5) + v (5)) dY(5) + & /U ot (5)E (5) AV (s)
= [0 )= a9 = can () K ()Y ()

[0 )+ 0 (D) I6) — oo (5) 4 22 5) o (5) <0 ()Y (9

te /Ot an () h(s, @ (5) + €2 (s) 0" (5) + £v (5))dY (s)

e [y )+« [ @666y )
- [0 -0t ) = can () B (v (s

# [ @)+ canDEE () + < [ a6

ve [ @)

where

ti(s) =h*(s) —h(s,z"(s) +eZ(s),u" (s) +ev(s)), (3.25)

05(s) = h(s,z" (s) +eZ (s),u" (s) +ev(s)) — h*(s).
From , we have

5(s) = /0 [ha(s, 2" (s) +eZ () + A(z° (s) —x" () —eZ (s)),v° (3))]

X (27 (s) —x* (s) —eZ (s))d\.
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By Lemma 3.3.3 , we know that
t
E / (0" (5) + 20 () (5) P ds < £2C(e), (3.26)
0

here C'(e) denotes some nonnegative constant such that C'(¢) — 0 as € — 0.

Moreover, it is easy to see that

2

OiltlgTE {5 /0 t a*(s)ﬁg(s)dY(s)} < £2C(e), (3.27)
and )
OgETE [g /0 t al(s)fg(s)dY(s)} < e20(e). (3.28)

From ({3.26)), (3.27) and (3.28), we get

E|(af(t) — o’ (t) — can(t)[*

<C {/0 El(a® (s) — a” (s)) —€a1(s)|2—|—E/0 (0" (5) + 20y (3))65 (5[ ds

0<s<t 0<s<t

¢ sup B (5 /Ot a*(s)ES(S)dY(S)) + sup E (e /Ot al(s)ES(S)dY(s)f]

< C/o E|of(s) — a*(s) — eay(s)[* ds + C(e)e?.

Finally, by using Gronwall’s inequality, the proof of Lemma 3.3.4 is complete. 0
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Lemma 3.3.5. Let assumption (H 3.1), (H 3.2) and (H 3.3) hold. Then, we have

0<E/  ( (O LOZ (1) +a* (O 0,10 Z(¢

ot (B ()(u () — u*(1)] dt

+ Efon (T)¢(x(T), P la(T)D] + Ela” (T) o (¢ (T) , P [2(T)]) 2 (T)]

+ B [0 (1) B(0,6(x (T) P [«(1)] 13 (T))] 2 ()
+E/ o () M(1) (€ — €%) (1),
[0,T]

Proof. From (3.3, we have

o
IA

[J(u (1), & (1) — J (u” (1), &7 (1))]

(O I ) W S ey
<
—
IS

o
e
~
SN—
7%

o
—~
~
SN—
SN—
|
N
—~
IS
*
S
~
SN—
I
(U}
—
~
N—
P

_|_

I
[
_|_
N

From (3.8), we get

Ji= [T (w (1), 6(1) = J (u* (), & 1))
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Using the Taylor expansion, Lemmas 3.3.3 and Lemma 3.3.4 , we get

lime ™ E o7 (T) (2% (T) , P [2%(T)]) — o™ (T) (2" (T) , P [ (T))])]
= Elay(T)y((T), P [x(t)]) + o (T)4u (x(T), P [2(T)) Z (T)] (3.33)

+ B o (1) B[0(o(T), P [2(t)];5(T)] 2 (T)]
and

l_ii%e_lE /OT [ (#)I°(t) — a*(t)I(t)] dt

—E /0 ' [al(t)l(t) +a* (D)) Z() + a* () E [0, ()] Z(t) (3.34)

T+t (L) () — u*(1))] dt

From (B.17)), and since &°(¢) — £*(¢) = e(&(t) — £*(1)), we get

@:ggﬁﬁmwwaww—Aﬂw@Mww@}
:E%gP;AﬂawaMQMGﬁ—fxi
= lim % [E /[O B ea* ()M (H)d(€ — g*)(t)] (3.35)

ZEAﬂMWM@M&%Wﬂ

Substituting (3.33)), (3.34) and (3.35) into (3.30]), the desired result (3.29)) fulfilled imme-

diately. This achieve the proof of Lemma 3.3.5. 0J

Let a(t) = 31—8 then we have

(3.36)
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Lemma 3.3.6 Let ®(-) and Z () be the solutions of (3.13|) and (3.21)) respectively. Then

we have

and

_ g / Ca i, (3.38)

Proof. By applying It6’s formula to ® () Z (t), y (t) a (t) and taking expectation respec-

tively, where Z(0) = 0 and @(0) = 0, we obtain

[Gua(t)é’\(t)} oo () (u (t) — u*(t))] dt (3.39)
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First, note that

T
7)-£ [ ewdz
0

Eufé +Epf02@}uummw—w@ﬂm
-+E(/T® )(0), (3.40)
E/OT® dt+E“/OT 0B [0,50Z0)] at

LB / B (t) fu()(u (t) — u* (1))dt + E" / (G — €)(1).

We proceed to estimate 5 (1), From equation (3.13)), we have

T

gm:m/z@@@

0

[
QL
o+

n /@ [gw (t0)R(t,0)+E [8,@(15 0) R (t, G)H m (df) + h, (t) K(t)
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By simple computation, we have

/Z t)dt — E“/Z F( dt
E/Z £)dt — E“/Z
0

_ B /OTZ tdt — E / Z(t E[a ()5(15)] dt (3.42)
_ g /OTZ P dt — B / Z(t)E[aj(t)} dt

_ g /OT/@Z ) g m (d0) dt

_ e /OT [z R (1.0)] m (d6) d

— B /OTZ < (1) K(t

Similarly, we can obtain

T

Iy (T) = E* /0 Q) [ax(t)Z(t) VB [8Ma(t)ZA(t)} + o () (u(t) - u*(t))} At (3.43)
+ B /0 ' a) [cx(t)Z(t) v E [a#c(t)z?(t)} Feu(t)(u(t) — u*(t))} dt,

and

= EU/O /@R(t, 0) {gm(t,H)Z(t) + E 0,9 (t,0) Z\(t)] + gul(t,0)(u () — u*(t))| m (db) dt.
(3.44)

Now, by applying Fubini’s theorem, we obtain

B / "o B 0,70 Z(0)] dr = B / CzE 0,500 dr. (3.49)

Jog /0 0 () E [a,ﬁ () Z (t)] dt = B /0 'z () B [@p(t)@(t)} dt, (3.46)
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Ev /O T@(t)ﬁ [0M6(t)§ (t)] dt = B /0 TZ(t)E [@c(t)é(t)] dt, (3.47)

and

EU/OT/eRa,e)E Gt 9)2()} (df) dt = E/ / Mgte)é(t,e)}m(de)dt.

(3.48)

By substituting (3.40), (3.42)), (3.43)) and (3.44]) into (3.3Y)), with the helps of (3.45)), (3.46)),
(3.47) and (3.48]) the desired result (3.37)) follows immediately.

By applying Ito’s formula to y (¢) @ (t) and taking expectation, we get

T

E* [y (T) & (T) =E“/ y (1) da (t >+E“/U & (1) dy (1)

/K ) (o) 2 (£) + ha(t) (u (£) — u*(1))} dt (3.49)

= JiI(T) + Jo(T) + J3(T),
where,

J1(T) = B /0 y (t)da (1) (3.50)

—

T
= E“/O y () (ha(£) Z(t) + hu(t)(u (t) — u*(t))) AW (),
is a martingale with zero expectation. Moreover, by a simple computations, we get
T T
Jo(T) = E“/ a(t)dy (t) = —E“/ a(t)i(t)dt, (3.51)
0 0

and

/ K (£) [ha () Z(2) + ha(t) s (£) — u*(£))] . (3.52)

Substituting (3.50)), (3.51)), (3.52)), into (3.49), the desired result (3.38) fulfilled.
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Proof of Theorem 3.3.1. From Lemma 3.3.5and based on the fact that

y (T) = (" (T), Plz"* (T))),

and

we have

0<E /0 01 (1) + a* O L(OZ (1) + " (VB [0,U0)] () + o (D ()(w (1) = ' (1))] dt
+ Efon (T y(T)] + Efo*(T) @ (T) Z(T)]

+ E/ a (t) M(t)d (€ — &) (t). (3.53)
(0,7
Since

Elay (T)y(T)] = Ela™ (T)a(T)y(T)] = E* [a (T) y (T)],
Ela™(T)®(T) Z2(T)] = E*[@(T) 2 (T)],

E%;{fuwwwd@—fw@szu M(1)d (€ — €) (1),

(0,7]

Finally, by substituting (3.37)) and (3.38) of Lemma 3.3.6 into (3.53)), we get

0<E [ 0@ A0+ QW) + Q) el
+ / R(1,0) gu(t, 0)m (d6) + K (D)ha (1) + Lu(6)| (w(t) — w*(0)dt  (3.54)
©

+EAHM@HM@+¢®G®M@—8MW

This completes the proof of Theorem 3.3.1. 0
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3.4 Application : Conditional mean-variance portfo-
lio selection problem associated with interven-
tions

In this section, we study a conditional mean-variance portfolio selection problem in
incomplete market, where the system is governed by Lévy measure associated with some
Gamma process and an independent Brownian motion. The Gamma process is a Lévy

process (of bounded variation) (I'(t)),-, , with Lévy measure given by

—x

e

p(dz) = —xqes0yde. (3.55)

T

It is called Gamma process because the probability law of I'(-) is a Gamma distribution
with mean ¢ and scale parameter equal to one. The Lévy measure p(dx) dictates how the
jumps occur.

Let (I'(t)),c(0.r) be a R-valued Gamma process, independent of the Brownian motion W (-).
Assume that the Lévy measure p(dx) corresponding to the Gamma process I'(-) has a
moments of all orders. This implies that [_, ;. el”lp(dz) < oo for every 6 > 0 and [ (22 A
u(dzr) < co. We assume that F; is P— augmentation of the natural filtration FW0

defined as follows

FVD — FW N o {D(r): 0 < r <t} V Fo,

where F}V := o {W(s) : 0 < s <t}, Fy denotes the totality of P*—null sets and F; V Fp
denotes the o-field generated by F; U F,. We denote by AI'(7;) = I'(r;) — I'(7;_) the

jump size at time 7;. We denote by IV (t) = > o<s<t (AT(s))’ : j : 1,...,n the power jump

processes of ' (+). By using Exponential formula proved in Bertoin [20], we obtain

—x

E* (exp(ifT7(t))) = exp [t/o Oo(exp(i&xj) - 1)6—dx :

Xz
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Let T'g(n) Gamma function defined by Iy(n) = [, 2" e~*dx, and ¢piy(t) : the moment

generating function ¢r ) (t) = E*(exp(tIY (t))). Now, based on w(F];)(t)(O) =FE" <(F9(t))k> :

we deduce

B (Fj(t)) = (pll“j(t)(o) =tlo(j) =G —D:j:1,...n

Now, we proceed to obtain VY (IY(¢)), then we have

Vi (1) = B[ (V0)°] - [B(0®))°

" , 2
= %Orj(t)(o) - [()OFJ'(t)(O)]

+oo )
= / X e dy
0

= tF0<2j), j . 1,...,77/,

Let

T7(t) — B (TV(t)) _ Zogsgt (AF(S))j — (-

£ = =) To(2))

il .n (3.56)

then we have E" (£(t)) = 0 and V¥ (L(t)) = 1.
Derivatives with respect to measure in the sense of P.L. Lions. Let (I'(t)),5, be Gamma
process with Lévy measure pu(-) given by . We give some examples.

LIf® () = [pn p(x)p(dz) then the derivatives of ® (u) with respect to measure at z
is given by

0, (1) () = 22(2).

2. If @ (p) = [ (@, p)p(dz) then the derivatives of ® (1) with respect to measure at

z is given by

0 (1) () = 52 (o) + [ (w0 (2) ()

Conditional mean-variance portfolio selection problem with interventions. In this section,

we study a conditional mean-variance portfolio selection problem in incomplete market
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with interventions. As example, foreign exchange interventions are conducted by monetary
authorities (Bank or minister of finance) to influence foreign exchange rates by buying and
selling currencies in the foreign exchange market.

Suppose that we are given a mathematical market consisting of two investment possi-
bilities :
A risk free security, (bond) where the price Sy(t) evolves according to the ordinary diffe-

rential equation :

dSo (t) = v0(1:)So (t) dt, t € [0,T7,
(3.57)

SO (0) > 07

where [, is a factor process with dynamics governed by a Brownian motion B(-), assumed
to be non correlated with the Brownian motion W(-). We shall assume that the natural
filtration generated by the observable factor process I; is equal to the filtration F? ge-
nerated by B(-). Notice that the market is incomplete as the agent cannot trade in the
factor process. The map 7 (+) : [0,7] — R is a locally bounded continuous deterministic
function.

A risky security (stock), where the price S; (t) at time ¢ is given by

dSy (1) = 51 (1) [(s(1e) +v0(Lr)) dt + o (L)dW (1)] + d§(t) + 325, L7(1), 3.58)

Sl (O> > 07

where £7(t) is the power jump processes of T'(+) given by (3.56]).
Now, in order to ensure that S; (¢) > 0 for all ¢ € [0,7], we assume the functions ¢(-) :

[0,7] — R, and o(+) : [0,7] — R are bounded continuous deterministic maps such that
¢(Iy), o(I;) # 0 and (1) — vo(I;) > 0, Vt € [0,T].

Let z(0) = z¢p > 0 be an initial wealth process. By combining (3.57) and (3.58]), we

[6)
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introduce the wealth dynamic

¢

da(t) = yo(Le) (2(t) — £(8))dt + u(t) [s(L)dt + o (L)dW (1)] + d&(t)

+ 20 L), (3.59)

where v(1;) : is the interest rate, ¢(I;) : is the excess rate of return, and o (1) : the volatility
(or the dispersion) of the stock price with o (1;) > ¢ for some £ > 0.are measurable bounded
functions of I;. The process u = u(t) (the regular control process) represents the amount
invested in the stock at time ¢, when the current wealth is z(¢) and based on the past
partially observations F” of the factor process, £(t) is the intervention control.

The objective of the agent is to minimize over investment strategies a cost functional of

the form :

J(u(-), () = E* gVZr (x(T) = &(T) | B(T)) — E*(x(T) = &(T) | B(T))] ;. (3.60)

for some ¢ > 0, with a dynamics for the wealth process z(t) controlled by the amount wu(t).

If we denote 2(t) = x(t) — &£(t) — 3_7_, £7(t), then the dynamic (3.59) has the form :

dz(t) = vo(le)z(t)dt + u(t) [¢(1)dt + o (L)AW (t)],

(3.61)
2(0) = zo.
and the cost functional J (u(+),&(+)) has the form
J(u(-), () = E* gVZﬁr (2(T) | B(T)) — E*(=(T) | B(T))| , (3.62)

where E"(z(t) | B(t)) is the conditional expectation and V¥ (z(t) | B(t)) is the conditional
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variance with rspect to P*. We note that the law of total variance is given by

Var (2(1)) = Vo, (2(t) [ B(t)) + Vg, [E*(2(1) | B(1))]-

By applying similar arguments developed in Pham [91], Li and Zhou [77] the optimal
intervention control u*(t) of (3.61)-(3.62) is given in feedback form :

0 (0) = S B0 | B) - () (363
S0 b=k o) | B

where z(t) is given by Eq-(3.61)), and a;, b; ¢; satisfy the linear BSDEs : ¢ € [0, 7]

da, = [L . 270(@)@4 dt + Z°dB(t), ar = 0.

UZ(It)Ct

dbt — |:§2(It)(lt . ’70(115)] dt + Zde(t), bT = —1. (3.64)

0'2(11)Ct

| dor = [5 — 200(00] et + Z5aB(e), or =3,

The explicit solutions of the above equations are given by

a; =0, Vt €[0,77],

T
b, = E" {— exp / Yo(1,)ds | ]—“tB] .
t

o= B[ [t - Shas 2] (3.65)

Hence, substituting (3.65)) into (3.63) yields

w(t) = ;,f&)) [xo exp ( /0 t 70(IT)dT) _ () (3.66)

L) b f b
— - I)dr ) d — .
*2/0 2021 ¢, P (/ oll7) > st ]
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Finally, we deduce that the optimal control of the problem (3.59))-(3.60)) is given in feedback

form

u*(t) = ;2(([;_3) [xo exp (/0 ’yo(fs)ds) —a*(t) +&(t) + Z L (t) (3.67)

1" G3(1L) |bs] ! 1A
— —_ I)dr ) d — .
+2/0 202(It) cs exXp (/0 Yo(17) T) 5+ e }

Now, let £*(t) be FY —adapted process satisfies Theorem 3.1, then for any £(+) € Uy we

get

o [ a0+ a0 2 }

< E* M G(t)®(t))d Frl.
<er| [0+ Gopmn)| 7|
We define a subset £CS2 x [0, 7] such that
E=A{(t,w) €[0,T] x Q: M(t)+G(t)P(t) > 0}, (3.68)
and let £(-) € Uy defined by

0:if (t,w) €&,
d¢(t) = _ (3.69)
de*(t) : if (t,w) € €,

where £ is the complement of the set £. We denote by X, the indicator function of £. By
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a simple computations, we get

G(t)2(t))d () — €°(1)) | ‘}ttY:|
U[o 7 G(1)P(1))xe(t, w)d (=€) (1) | fty}
E [/ (M(t) + G()®(1))xz(t, w)d (€5 — &) (1) | f?’}

| [ a0+ GOt w0 77|
0,7

This implies that £*(-) satisfies for any ¢ € [0, 7] :

B | /[ |00+ GOROsL, ) ()] =o.

From (3.68]) and (3.69)), we can easy shows that the optimal intervention control has the

form :

&) =&t + /Ot Xz(s,w)ds, t €[0,7].

Finally, we give the explicit optimal portfolio section strategy for systems governed by

Lévy measure associated with some Gamma process in feedback form by :

* * (t) ' * - J
ut(t,x") = =~ (1)) [xoexp(/o fyo(IT)dT)—a:(t)—i—{(t)—i—;/l(t)

1 [ (1) |bs] ! |0t
— I
—I—2/0 202(1,) e exp (/0 Yo( T)dT) ds + . }

£ (1) = / Xe(s,w)ds + €(1), ¢ € 0,77,

D pesct (AL(5)) = (j = D)
tL'o(27)

L£(t) =

In this chapter, a new set of general mean-field type necessary conditions for a class
of optimal stochastic intervention control problem for partially observed random jumps

on Wasserstein space of probability measures has been established. Girsanov’s theorem
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and the L-derivatives with respect to probability law are applied to prove our main result.
Conditional mean-variance portfolio selection problem with interventions is investiged. In
order to assess the effectiveness of interventions, it is helpful to identify the motives of
the governement (or banks) activities in this area. Apparently, there are many problems
left unsolved, and one possible problem is to obtain some optimality conditions for partial
observed stochastic optimal intervention control for systems governed by general mean-
field backward stochastic differential equations with Lévy process with moments of all orders

with some applications to finance.
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Chapitre 4

The pointwise second-order
maximum principle for optimal
stochastic controls of general

mean-field type

4.1 Introduction

In this chapter, we establish a second-order stochastic maximum principle for optimal
stochastic control of stochastic differential equations of general mean-field type. The co-
efficients of the system are nonlinear and depend on the state process as well as of its
probability law. The control variable is allowed to enter into both drift and diffusion
terms. We establish a set of second-order necessary conditions for the optimal control in
integral form. The control domain is assumed to be convex. The proof of our main result

is based on the the first and second-order derivatives with respect to the probability law
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and by using a convex perturbation with some appropriate estimates.

The mean-field stochastic system was introduced by Kac [85] as a stochastic model for
the Vlasov-Kinetic equation of plasma and the study of which was initiated by McKean
model [86]. Since then, the mean-field theory has found important applications and has
become a powerful tool in many fields, such as mathematical finance, economics, optimal
control and stochastic mean-field games ; see Huang, Caines, and Malhame [66, 67, [68] and
Lasry and Lions [76]. Stochastic differential equations (SDEs) of the mean-field type are
Ito’s stochastic differential equations, where the coefficients of the state equation depend on
the state of the solution process as well as of its probability law. Under partial information,
mean-field type maximum principle of optimality for SDEs has been established in Wang
et al. [87]. Stochastic optimal control of mean-field jump-diffusion systems with delay has
been studied by Meng and Shen [84]. The necessary and sufficient conditions for mean-field
SDEs governed by Teugels martingales associated to Lévy process have been studied in
[42, 61]. The local first-order maximum principle for optimal singular control for mean-
field SDEs has been investigated by Hafayed [4§]. First-order necessary conditions for
mean-field FBSDEs have been studied by Hafayed et al. [62]. The mean-field maximum
principle for SDEs has been established in Buckdahn et al. [I2]. Mean-field game has been
studied by Lions [88]. The first-order maximum principle for mean-field delay SDE have
been investigated in Shen et al. [89]. A general first-order maximum principle for optimal
stochastic control has been established in Peng [90]. A Peng’s type maximum principle
for SDEs of mean-field type was proved by Buckdahn et al., [T9] by using second-order
derivatives with respect to measures. Forward-backward stochastic differential equations
and controlled McKean-Vlasov dynamics have been investigated in Carmona and Delarue
[26]. Linear quadratic optimal control problem for conditional mean-field equation with
random coefficients with applications has been investigated by Pham [91]. Infinite horizon
optimal control problems for mean-field delay system with semi-Markov modulated jump-

diffusion processes have been investigated by Deepa and Muthukumar [34]. First-order
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necessary conditions for optimal singular control problem for general mean-field SDEs,

under convexity assumptions have been investigated by Hafayed et al. [41].

The maximum principle is one of the fundamental approaches for the study of optimal
stochastic control problems. A pointwise second-order maximum principle for stochastic
optimal controls was established by Zhang and Zhang [124] where both drift and diffusion
terms may contain the control variable, and the control domain is assumed to be convex.
The method was further developed in Zhang and Zhang [125] to derive a general pointwise
second-order maximum principle, where the control domain is not assumed to be convex.
First and second-order necessary conditions for stochastic optimal controls have been
studied by [93] and [15]. A second-order maximum principle for singular optimal control
for SDEs with uncontrolled diffusion coefficient has been obtained by Tang [92]. Second-
order maximum principle for optimal control with recursive utilities has been obtained
by Dong and Meng [33]. A second-order necessary conditions for singular optimal controls
with recursive utilities of stochastic delay systems have been proved by Huo and Meng [63].
Singular optimal control problems with recursive utilities of mean-field type, where the
second-order adjoint system was not a single mean-field backward stochastic differential

equation, but a matrix-valued system have been studied in Hao and Meng [64].

Motivated by the recent works above, in this work we established a pointwise second-
order necessary conditions for general mean-field optimal control problem. The first and
second-order derivatives with respect to measure in Wasserstein space and the associa-
ted Itd6 formula with some appropriate estimates are applied to derive our result. The
mean-field systems occur naturally in the probabilistic analysis of financial optimi-
zation problems. Our problem is strongly motivated by the recent study of the mean-field
games and the related mean-field stochastic control problem. This work extends the results

obtained in Zhang and Zhang [124] to the general mean-field case.

The rest of this chapter is organized as follows. The formulation of the first and second-

order derivatives with respect to probability measure, and basic notations are given in Sec-
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tion 2. The formulation of the optimal control problem is given in Section 3 . In Sections
4 and 5, we prove our mean-field type pointwise second-order maximum principle. The

final section concludes the work and outlines some of the possible future developments.

4.2 First and second-order derivatives with respect
to measure

We now recall briefly an important notion in mean-field control problems : the differen-
tiability with respect to probability measures, in Wasserstein space which was introduced
by P.Lions [88].

Let 'y (R™) be Wasserstein space of probability measures on (R", B(R")) with finite
second-moment, i.e; [p, |x|2 p(dx) < oo, endowed with the following 2— Wasserstein me-

tric : for py, ps € Ty (R™),

T (p, pio) =  inf —2d,d2, 4.1
(11, p2) p(.f)elgﬂRM){[/R%\x ylI p(dz y)] } (4.1)

where p(-,R") = p11, and p(R™, ) = uy. Moreover, it has been shown that (I'y(R"), T (-, -))
is a complete metric space.

The main idea is to identify a distribution p € I'y (R™) with a random variable x €
L?(F,R") so that u = P, is the law of x. We assume that probability space (02, F, P)
is rich-enough in the sense that for every u € I'y (R™), there is a random variable = €
L2(F,R"™) such that = P,. We suppose that there is a sub-o—field Fy C F such that Fy
is rich-enough 1i.e,

Iy (R") :={P, : z € L*(%,R")}. (4.2)

By F = (]—})te[O?T], we denote the filtration generated by W (), completed and augmented

by Fo. Next, for any function g : T'y (R") — R we define a function g : L? (F,R") — R
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such that

g(x)=g(P,), v € L*(F,R"). (4.3)

Clearly, the function g, called the lift of g, depends only on the law of z € L?(F,R") and
is independent of the choice of the representative x, (see [19])

Let g : T's (R") — R. The function ¢ is differentiable at a distribution po € I'y (R™)
if there exists g € L?(F,R"), with o = P, such that its lift g is Fréchet-differentiable
at xo. More precisely, there exists a continuous linear functional Dg(zo) : L*(F,R") — R

such that

9 (xo+¢) = g (x0) = (Dg(o) - ) + 0 (l[Cll2) = Deglpo) + o ([[Cl]5) (4.4)

where (. - .) is the dual product on L?(F,R"). We called D;g(uo) the Fréchet-derivative of

g at po in the direction (. In this case we have

- d
D¢g(mo) = (Dg(xo) - ¢) = Y (xo +tC)| , with pg = Py,. (4.5)
t=0

By applying Riesz representation theorem, there is a unique random variable ©y € L.2(F,R")
such that (Dg(zo) - ¢) = (0 - (), = E[(Og - ¢),] where ¢ € L?(F,R"). It was shown, (see
[19]) that there exists a Borel function ® [u] (-) : R* — R"™, depending only on the law

to = P,, but not on the particular choice of the representative z, such that

©o = P [p0] (o) - (4.6)

Thus we can write

9 (Py) — g (Pry) = (@ [po] (w0) - @ — wg)2 + o (|lz — zo||,), V& € L? (F,R™).
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We denote

0ug (Pry, x) = @ [po] (), v € R™.

Moreover, we have the following identities

Dg(xo) = g = ® o] (v0) = 9ug (Prys o) , (4.7)

and

DC9<PHCO) = <a,ug (Prm xO) : C) ) (48)
where ( = x — xo.For each p € T'y (R"), 0,9 (Py, ) = ®[P,] (+) is only defined in P,(dx) —

a.e. sense where p = P,.

Among the different notions of differentiability of a function g defined over T's (R™), we
apply the differentiability with respect to probability measures. We shall follow the ap-
proach introduced in P. Lions [88] and later detailed in Cardaliaguet [27]. We refer the
reader to Buckdahn et al., [I9] for more discussions.

We say that the function g € C,"(Ty(R™)) if for all z € L*(F,R") there exists a
P,—modification of 0,9 (P,,-) (denoted by d,g) such that 9,g : I'; (R") x R* — R" is
bounded and Lipschitz continuous. That is for some C' > 0, it holds that
(1) 10u9(p, )| < C, YV € I'y(R™), Vo € R™.
(2) 109 (p, @) — Oug(p', ") < C[T (1) + |z — 2'|], Vi, o € To(R™), Var, 2" € R™.
We should note that if g € C,"(I'y(R™)), the version of 9,9 (P,,-), z € L2(F,R"), is
unique (see [I9, Remark 2.2, and [27]). We shall denote by 0,9 (¢, x, j10) the derivative
with respect to 1 computed at pg whenever all the other variables (¢,z) are held fixed,
g (2, p0) = Oug (L, p1)] .-

Second-order derivatives with respect to probability law : We present a second order

derivatives with respect to measure of probability.

Let g € C;’I(FQ(R”)) and consider the mapping (9,9 (-, ), ,Gug(-,-)2,...,8%q(-,-)n)T :
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[o(R") x R" — R".

We say that the function g € C;''(I'y(R")) if g € Cp'(I2(R™)) such that 8,g(-, ) :
[ (R™) — R”
(1) 9,9(-,y)i € CYHTo(R™), Vy € R™ and i € {1,2,...,n}.

g

(2)
(3) The maps 9,0,9(,-) : T2(R") x R" — R*"@R"™ and 0%g( Py, y, 2) : To(R") x R" xR" —

(i, ) : R — R™ is differentiable, for every p € T'y(R™).

R™ @ R™ are bounded and Lipschitz continuous, where
029(Pros Y, 2) = 9, [0,9( y)] (Pro» 2) -
Similarly, we define 0,0,9(:,-) : I'2(R") x R* — R" ® R" by
0u0ug(Pros Y, 1, 2) = u (049, y, w)] (Prg, 2) -

Second-order Taylor expansion : Now, we give a second-order Taylor expansion that
plays an essential role to establish our maximum principle. Let g € Ci’l(Fg(R")), for

jed{1,2,...n}

DG (w0 + ) = Dgj(x0) = [0,); (Prgres 70+ ) = (0,1, (Prg, 70))
= [10.9); (Prore, ) = (0., (Pro: 2))|

- [aug]] (Pmoa ’Z)

z2=x0+&

+ [aug]j (Pacm Z)

(4.9)

z=x0+E€ 2=X0

—_~——

_ /0 1 (D10, (w0 +06.2) €) o

2=x0

+ (0= [0ug]; (Pry, 20) ,€) + 0 ([I]l2) -
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Then, we obtain

—_——

D0u], (20,9) = Oy |99, ()| (Pay, 30)

[82] ( x5 Yy % )

z2=x0

Second-order derivatives of f at a measure pg. Let (Q j-: ]3) be a copy of the probabi-
lity space (Q, F, P). For any pair of random variable (Z,¢) € L*(F, R?) x L*(F,R?), we let
(2\ , E) be an independent copy of (Z,&) defined on (KAZ ]? 16) On the product probability
space (% Q, F@F, PQP), we define (Z,€)(w, @) = (Z(@), £(@)) for any (w, @) € Q2 x Q.
Let (u*(t), 7*(t)) be an independent copy of (u*(t), 2*(t)), s0 that Py-(;) = ]3;:;@. We denote
by E the expectation under probability measure P, where E (X) = Jo X (D)dP(®).

Now, for any py € I's(R™), in the direction £, we define the second-order derivatives of

a function g at po with pp = Py,

—_~—

D9 (110) = ((DI0ugl; (+1) (Pros 2) |y - €) |y -€)
+ <<ayaug) (Px07$0)§ : §>
-y {E [tr (829(Px0, o, T0)E ® 5)” (4.10)

+ Etr (9y0,9(Pro; 20)§ © €],

where

E [tr (02(Puy, w0, 80)E 26 | (4.11)

~ ~

- / (029(Pay, w0 (w) , 50(@))E @ € (w, @) | dP(@).
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Furthermore, we have

B[R [ir [oPasro i o]

_ / / tr [029(Prqy 20 (w) , 50(@)€ @ €(w, @)] d(P & P)(w, @)

(4.12)

For convenience, we will use the following notations throughout the work, for ¢ = f, 0,0, h :

577Z)(t) = w(t7 J]*(t), Px*(t)a U*(t)> - ¢<t7 x8<t)7 Pxf(t)’ ua(t))7
o

¢m(t) - %(t’x*(t)apx*(t%u*(t))»
Galt) = G0, (0), Prety (1),

Furthermore, we denote

62
Duult) = S50 (1), Py (),

82
Dualt) = 550, (1), Prey, (1),
Yun(t) = O2(t, (L), Porgey, w* (£); 2% (1), 2*(1)),
w:pu(t) = 8xau¢<t7 QJ*(t), Pa:*(t)v U*(t)ﬂ .T*(t)),

Vs (6) = 00,00 (1, T¥(2), Pas iy, 0 ()3 7%(8))-

4.3 Formulation of the control problem

(4.13)

(4.14)

Let us formulate the optimal mean-field type control problem. Let T" be a fixed positive

real number and (€, F, {]:t}te[o,T] , P) be a fixed filtered probability space satisfying the

usual conditions in which one—dimensional Brownian motion W (t) = {W(¢) : 0 <t < T}

and W (0) = 0 is defined. We study optimal solutions of general stochastic control problem
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driven by mean-field stochastic differential equation of the form :

dz"(t) = f (t,2"(t), Prugy, u(t)) dt + o (t,2"(t), Ppugsy, u(t)) dW(2),
(4.15)

z"(0) = .

The goal of our optimal control problem is to minimize the following cost functional
T
T () = B [ha"(T), Peo) + [ 2" (0), Py u@)d| . (416)
0

An admissible control u(t) is an F;—predictable process with values in some non-empty
convex subset U of R* such that F fOT lu(t)|> dt < +oo. We called U the control domain.

We denote U ([0,77]) the set of all admissible controls. That is,
T
U(0,7]) = {u (t)eo.r)  is anF; — predictable process, and E/ lu(t)” dt < oo} :
0

We suppose that an optimal control exists. Any admissible control u*(-) € U ([0, T]) satis-
fying
T = it (), (.17)

u(-)eU([0,17)

is called an optimal control. The maps

f:00,7] x R" x I'y (R") xU — R,
0:10,T] x R" x I'y (R") xU — R",
0:]0,T] x R" xT'y (R") x U — R,

h:R"™ xT'y (R") — R,

are given deterministic functions.
To avoid excessive complexity in the notation of this work, we will make the simplifying

assumption that all processes are one-dimensional (i.e., n = m = 1) in the subsequent
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sections.
We define a metric d (-, -) on the space of admissible controls U ([0, T']) such that (¢ ([0,7]) , d)

becomes a complete metric space. For any u(-) and v(-) € U ([0,7T]) we set

[

T 2
4 (ul).0()) = [E | - vera) (4.13)
0
Moreover, it has been shown that (U ([0,7]),d) is a complete metric space.

Assumptions. The following assumptions will be in force throughout this work, where x

denotes the state variable, and u the control variable.

— Assumption (H 4.1) For fixed p € T'y(R), for any (z,u) € RxU, the coefficients
f,0,¢ are measurable in all variables and continuously differentiable up to order-2
with respect to x,u; and al their partial derivatives are uniformly bounded. The
function A is continuously differentiable up to order-2 with respect to x and w.
Moreover the second-order derivatives v, Vyu, Yz, for ¢ = f, o, ¢ are bounded and

Lipschitz in (z,u). The derivative h,, is bounded and Lipschitz in z.

(82, )| < O [af” + Jul),
| (z,u)| < C(1L+ |2,
|Ca (£, 2,y w) | 4 |6 (E, 2,y w)| < C (L[] + |ul),

| (2, 0)| < C (14 |]),

where C' > 0 is a generic positive constant, which may vary from line to line.

~ Assumption (H 4.2) (1) For fixed z € R, for all u(t) € U: f, 0,0 € Cp'([y(RY); R)
and h € Cp'(Iy(R); R).

(2) All the derivatives with respect to measure f,, o,, {,, h, are bounded and

Lipschitz continuous, with Lipschitz constants independent of u.Assumption (H
4.3) (1) For all u(t) € U, f,0,0 € C/M(Ty(R);R), and h € Cr'(T'y(R);R). (2)
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All the second-order derivatives of 9,,,, ¥y, ¥, for ¢ = f,o,f are bounded and
Lipschitz continuous in (x, 1, w) with Lipschitz constants independent of u. (3) The

second-order derivative hy,,, h,, is bounded and Lipschitz in x and p.

From assumption (H 4.3), Item 3, since the second-order derivatives are Lipschitz

continuous, we have

.

Vu, i € To(R™), Vo, 2" € R" Vu,u' € U:

|(wuua wxua wuu) (ta T, [y U) - (¢,u,u7 wz,ua wu,u) (ta xla ,ula ul)l (419)

| S OIT (i) + o — 2’ + |u— o]

Similarly for Item 4, we deduce Vpu, i’ € To(R™), and Vz, 2’ € R :

|(hulm hwu) (x, N) - (huw hﬂcu) ($/>H/)| <C [T (H7 ,ul) + |x - "ElH . (4'20)

Under the assumptions (H1) and (H2), for each u(-) € U ([0,T]), Eq-(4.15) has a

unique strong solution z* (-) given by

24(8) = 20 + /0 F(r, 2 (), Pragry, u(r))dr + /0 o (r, 2 (), Poagry, u(r))dIV (1),

such that F [SUPte[o,T} |x“(t)|2] < +o00, and the functional J (-) is well defined.
Let u*(-) € U ([0,T]) be an optimal control for the problem (4.15)-(4.16|), the corres-

ponding state process z*(-) = 2 (), solution of mean-field dynamic (4.15]).

Finally, from assumption (H3) we define for ¢ € [0,77] :

1
Emm(ta 907 Z) = ia’ﬂv(p(tv x*<t)7 Px*(t% u*(t))ZZ, (421)

~ 1 * * 3
‘Cuy(ta P, Z) = 581/8”90(25, x (t)v Px*(t)a U (t)a £*)22'

The Hamiltonian. Let us define the Hamiltonian associated to our control problem.
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For any (¢,z, u,u,p1,q1) € [0,T] x Rx I'h(R) x R x R x R

H(t,x, p,u,pr,q1) = f(t, 2, p,w)pr + ot x, pu)qr — £t 2, o, u), (4.22)

where (p1 (+),q1 (+)) is a pair of adapted processes, solution of the first-order adjoint equa-
tion (@.26).
We denote

H(t) = H(t,z", Py, u",p1, q1)- (4.23)

We define

OH(t) = 0f()pa(t) + 9o (t)qu(t) — 64(2),
Hy(t) = fo(O)pr(t) + 00 (t)aa (1) — £a(2), (4.24)
Hy(t) = fu®)pi(t) + 0u(t)qr () = Cu(?),
Hy(t) = fu®pr(t) + 0u () (t) = £u (1),
Hyo(t) = fre(O)p1(t) + 02a(t) © qu(1) = Lan(t),
Hyu(t) = fuu(O)pr(8) + 0uu(t) © q1(1) = Luu(?),
Hop(t) = fou(D)pr(1) + 00u(t) ® u(1) = Lan(t).

To establish our integral-type second-order necessary condition for stochastic optimal
control, we introduce the following notion.
Singular control in the classical sense : We call an admissible control @(-) a singular

control in the classical sense if u(-) satisfies :

(

Hu(t>f(t)7 Pf(t%ﬂ(t)?ﬁl(t)’ql(t)) = 07 a.s.a.e.te [OaT] )

< Huu(tv E(t)a PE(t)7 ﬂ(t)7]_91 (t)7 ql (t)) + 1_92(t)0-u (t7 f(t)7 Pf(t)aﬂ<t))2] = 07 (425)

a.s. a.e. t€[0,7T].
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We introduce the adjoint equations involved in the stochastic maximum principle for our
control problem.
First-order adjoint equation. We consider the first-order adjoint equation, which is the

following mean-field linear BSDE :

—dpi(t) = | f(Opr(t) + E(F:(OB(1) + 0o () (t) + EGLOT(1))
— £,(t) —E(C(1))| dt — g (H)dW (2), (4.26)

A~ A~

pi(T) = —h(T) — Elh;,(T)].
Here, from ({.13), t € [0,T], for p = f,0,¢

E 8,5 (t)] = E [0,0(t. T*(t), Pory, 0" (£); 2)] (4.27)

z=z*(t)

:[8#<p(t,§*(t,@),Px*(tyw),ﬁ*(t,@);x*(t,w))dﬁ(@),
Q
and the same argument allows to show that

E [aﬁ*m] = E [0,h(F(T), Po(ry; 2)] (4.28)

z=x*(t)

= /A 8, W@ (T, ®), Parwy; (T, w))dP().
Q

Second-order adjoint equation. Consider the following linear BSDE :

(

(4.29)
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Similar to (5.13]) and (5.15)), we have

E[H},(t)]) = E [0,0,H(t,3*(t), Py, @ (£), 5i(t), G (£); )]

y=a*(t)

Q

Since the derivatives f,, f,, 04,04, s, ¢y, hyy by, are bounded, (from assumptions (H 4.1)

and (H 4.2)), the mean-field BSDE (4.26) admits a unique F;-adapted strong solution

(p1 (+),q1 (+)) such that

which satisfies the following estimate

E

sup |p1(t)|2+/0 |q1(t)|2dt] < 00. (4.30)

te[0,7

Also, from the boundedness of the first and second-order derivatives of the coefficients
f,o,¢, h with respect to (z, ), (assumptions (H3)), Eq-(4.29)) has a unique F;—adapted

strong solution (ps (+), g2 (+)) such that

~

pa(t) = —(hae(T) + E[h%,(T))])

~

+ / {20025) + LT ()lpals) + o2(5) + E@()Ppals)

+ 200 (s) + BF(5))aa(s) + (How (5) + B, (5)] + B[, () b ds

-/ " ()W),
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which satisfies the following estimate

E

sup |pe (75)|2 —I—/O g2 (t)|2dt] < 00. (4.31)

te[0,7)

If the coefficients f, o, ¢, h do not explicitly depend on law of the solution, the mean-field

BSDE-(4.26]) and (4.29) reduce to a standard BSDE (see Zhang and Zhang [124]. Peng
[90, Equation 19, page 974]), or Buckdahn et al., ([19]).

4.4 Mean-field second-order stochastic maximum prin-
ciple in integral form

The purpose of the stochastic maximum principle is to establish a set of necessary
conditions for optimality satisfied by an optimal control. In our work, the goal is to derive a
set of second-order necessary conditions for the optimal control, where the system evolves
according to controlled mean-field SDEs. To derive our main result, the approach that
we use is based on the convex perturbation of the optimal control. This perturbation is
described as follows : Let w*(-) is an optimal control and u(-) is an arbitrary element of
JF:—measurable random variable with values in U which we consider as fixed from now on.

We define a perturbed control u°(-) as follows. Let
W () = () + = (ult) — v (1)) (4.32)

where € > 0 is sufficiently small. Since U is convex, u°(-) € U ([0,T]) . We denote by z(-)
the solution of Eq-(4.15)) associated with u°(+).
Under assumptions (H 4.1), (H 4.2) and (H 4.3), we introduce the following new va-

riational equations for our control problem.
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First-order variational equation : let t € [0,T)

7

dn(t) = [£e O (t) + BIRWG 0] + fult)u(n)] dr

+ O (1) + BE.0OT )] + ou(t)o(t)] aW () (4.33)

Here the process y; (+) is called the first-order variational process, associated to u(-). Since
the coefficients f;, fu, fu, 0z, 04,0, in (4.33) are bounded, it follows that there exists a
unique solution ¥ (-) such that

E

sup |y1 (0)[F| < Cy, for k>2. (4.34)

te[0,T

We note that unless specified, for each k£ € R, , we denote by C} > 0 a generic positive
constant depending only on k, which may vary from line to line.

Second-order variational equation :

¢

dys (t) = [ £2(0)2(0) + ELFOR0] + Fea O3 (0) + ElFou 5 (1)) (0)
2 (O (0(8) + 2B [ Fun DT O(E) + Fuu (02(1)|
+ oa((t) + EGu0F0)] + 0 ((0) + BB OR(O)n(t)  (4:35)

+ 200 (1)1 (1)0() + 2E[Gup (D7 (D]0() + 00 ()07(1)] AW (1),

Here the process ys () is called the second-order variational process. Moreover, under
assumptions (H 4.1), (H 4.2) and (H 4.3), equation (4.35) admits a unique F-adapted

strong solution such that : for any k£ > 1 we have

E(sup |ya(t)]") < Cy. (4.36)

t€[0,T]
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We shall establish some fundamental estimates that will play the crucial roles for the proof

of our stochastic maximum principle.

Proposition 4.4.1. Let 2° () and z* () be the states of (4.37)) associated to u°(-) and
u*(+) respectively. Let y;(+) be the solution of (4.33]). Then the following estimates hold :

E | sup [a°(t) — 2" (1)
_te[o,T]

< Cye”, (4.37)

lim E | sup z() =) y1(t) 2] = 0. (4.38)

e—0 0<t<T &

Proof.The proof of estimate (4.37) follows immediately from [I9, Proposition 4.2,
estimate (4.8)].
Let us turn to estimate (4.38). We put

AE(t) = M —(t), t€[0,7T]. (4.39)

Since D¢ f(Py,) = <Df(Z0) : §> = %f(Zg +t€)| , we have the following simple form of

t=0

the Taylor expansion

f(PZ0+§) - f(PZO) = D§f<PZO) + R(f)?
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where R() is of order O (||£]],) with O (||€]|,) — 0 for & € L2 (F,R?).

t

Y (t) = [f (5,2°(5), Poe(), u™(5)) — [ (8,2%(8), Pur(s), u'(s))] ds

S—

t

+ [0 (5,2°(5), Pue(s), u™(5)) — 0 (8, 2%(5), Poe(s), u(s5))] AW (s)

Ml o

S—

t

— /0 {fx (s,m*(s), Px*(s),u*(s)) y1(s) + E [fu(s,x*(s), Prpe(sy, u*(8); f*(s))ﬂl(s)}

+ fu<57 I*<8), Px*(s): U*(S))U(S)} ds

~

— /0 {ax (3, x*(5), Ppe(s), u*(s)) yi(s)+ E [aﬂ(s, x*(5), Ppe(s), u*(8); f*(s))@\l(s)]

+ 0u(s,27(5), Pye(s), u (s)} dW (s)

We decompose the integral %fg[f(s,xa(s), Pre(sy, us(s)) — f(s,2%(s), Por(s), u*(s))]ds into
the following parts

= [ (5 Prey () = 507 (). P (5

= é/o (f(S,:L‘s(S), Pxf(s)7u6<s)) - f(S,CC*(S), sz(s)7u€(s)))ds
+ é/ﬂ (f(s,x*(s), Px5(5)7u€<s)) - f(va*(S)a Px*(s)a u€<8)))d8
+ é/ﬂ (f(S,.I'*(S), P:Jc*(s)a UE(S)) - f(S, $*(S>, Px*(s)a U*(s)))ds

We notice that

= [ 615, Pry, () = 507 (0), Py ()

/ /(ﬁsw (5) + Ae(1(5) + 11(5)), Pregey, 1°(5)) (5(5) + 3 (s))] dAds,
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E / (F(5,25(5), Poe(sy 15(5)) — £(5,25(5), Poo(sys 0 (5)))dls

/ / [0F(5,27(5), Pos(oyiactrtopion (s 0 () °(8)) (3(s) + G ()] dAds,
and

1/ (f(s,27(5), Pye(sy, u(5)) — f(5,27(5), Pye(s), u*(s)))ds

// [fu (s5,2%(8), Par(sy, u(s) + Ae(v(s) — u*(s)) v(s)] dAds.

The analogue relations hold for . Therefore, we get

E | sup |7€(8)|2]

s€[0,t]

C(t) {E/ / | fo (5,2%(s) + Ae(y(8) + 41(5)), Pos(s), u°(s)) 75(5)|2 dAds
+E / / B (5,05 (5), Partoyineatosmions W (); 8 (5))7° ()2 dds

+E/ / o2 (s,3%(s) + Ae(V(s) + y1(5)), Pac(s), u"(5)) ’y‘f(s)lzd)\ds
€ Sk ~e 2
+E / / B [0,(5,2°(5), P re((6)4(6)» 4 (), B ()77 (5)|” dAds

+E | sup !55(8)|2” ,
s€[0,t]
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where

= /t/l[fw (5, 2%(s) + Ae(y°(5) + 1(5)), P (5), 1" (5))
= fa (5,27(5), Par(s), u"(5)) Jya (5)dAds

/ / [£u(5, 2%(5), Par (523 (9431 ), 0 (8); T7(5))
= fuls,27(5), Por(s), 0" (); 77 (5)) [ (s)dAds

+ /Ot /Ol[fu (5,2%(5), Pors), u(s) + Aew(t))

— fu(s,27(5), Ppe(s), u”(s)]v(t)dAds

+ /0 /0 (04 (s,x*(s) + Xe(v°(s) + y1(9)), Px*(s),ua(s))
= 02 (5,27(8), Por(s), u () Jya (s)AAdIW ()

/ / [04(5,2%(5), Por(s)t2e 32 ()10 U7 ()7 (5))
— 0u(8,27(5), Ppe(s), u*(5); 2" (5)) 91 (s)dAdW (s)

n /Ot /01 Gu (5,27(5), Py, 0 (5) + Acw ()

— 0u(8,27(5), Pye(s), u*(5)) v (t)dAdW (s).

Now, since the derivatives of f and o with respect to x, u, u are Lipschitz continuous in

(SU,/J,? U) ; We get
lim &

e—0

sup |5€(8)\2] = 0.

s€[0,T]

Since the derivatives of f and o with respect to variables x, u, and u are bounded, we

o]}
s€[0,t]

obtain Vt € (0,77 :

E | sup [7*(s)[’

s€[0,t]

C t){E/Ot e (s) P ds + E
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From Gronwall’s Lemma, we have : for any ¢ € [0, 7],

gﬁwfwwlmp{l?xww}.

Finally, by putting ¢ = T" and letting € go to zero, the proof of Propositions 4.1 is complete.
OJ

E | sup [y(s)’| <C)E

s€[0,¢]

Proposition 4.4.2 Let y;(-) and y»(+) be the solutions of (4.33)), (4.35]), respectively.
Let assumptions (H 4.1), (H 4.2) and (H 4.3) hold. Then, for any £ > 1, and ¢ > 0, we

have

2 2k

o(t) = 2 () = eya(t) = Sal)

E

< Cpe®*. (4.40)

sup
te[0,T

Proof. The proof is based on the first and second order expansions. We put

From (4.15)), (4.33) and (4.35)), we obtain

-/ S (5,055, Preion 0(5)) — £ (5,2 (5), Paogys u*(5))

=2 [£(e)pn(s) + BUMOGEO] + fuls)o(s)]

—  [Fm(o) + BTN + e (5)926) + 2D (05

+ (05 (]51(8) + 2B Fun()51 (9)0(5) + fun5)03(5)] | s

/ {o(5,2°(5), Pae(s), u(5)) — 0 (5,2%(5), Por(s), u(5)) (4.41)

—4%®w@+ma@wm+%@w%

82

Y [Ux(s)?D(S) + E[au(s)%(s)] + 09696(3)9%(3) + 2044 (5)y1(s)v(s)

+ Baa 5 (0 () + 2B G ()71 (5)]0(5) + auas)v(s)] b v (s).
We decompose the integral f(f [f(5,2°(5), Pye(s), us(5)) = f(5,2%(5), Pre(s), #*(s))]ds into the
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following parts : for ¥ = f, o

/0 (U(s,2°(5), Ppe(s), u(s)) — U(s,2%(s), Ppe(s), 27(s5)))ds
= W27 (6) Par (5D = (5,275, Py (o))
+/O (U(s,x"(s), Pre(s), u(s)) — W(s,2"(s), Ppe(s), u(s)))ds (4.42)

-I—/O (W(s,27(8), Por(s), u°(5)) — W(s,"(5), Pyr(s), u*(5)))ds.

Let us denote Az®(t) = (z°(t) — 2*(t)). We have for ¥ = f, o :

/0 (U(s,2°(5), Pre(s), u(5)) — W(s,27(5), Ppe(s), u(s)))ds (4.43)

:/o /o (W (5,27 (5) + pATT), Pre(s), u(s)) Az®(s)] dpds,

/0 (W(s,2°(5), Pye(s), u(5)) — (s, 2°(8), Ppe(s), u°(5)))ds (4.44)

t 1
_ / / B 0,9 (5, 2°(5), Paeo)s panae " (8); () AT (5)] dpdls,
0 0

and

/0 (U(s,2"(s), Ppe(s), u(s)) — W(s,x"(s), Pp(s), u*(s)))ds (4.45)

:/0 /0 (U, (s, 2%(5), Poe(s), u*(s) + pev(s))ev(s)] dpds.
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By substituting (4.43)), (4.44), and (4.45)) into (4.42)), we get

/ (U (t,2°(5), Poe(s), u () — W (s,2%(5), Ppe(s), u*(s)))ds

/ / —i—pAm P z*(s)+pAzes U (t)) Ax*

B [, (5,57 (5) + AT (5), Pre(oyrpnae(o (5 77(5) + pAAT(s)) AT (5)|  (4.46)

+ [Wy (5,27(8), Poe(s), u*(s) + pe(v(s) — u*(s)) ev(s)]] dpds.

By first-order expansion for U, (¢, 2°(s), Pye(s), u(s)) — ¥, (5,2%(8), Po(s), u*(s)), we have

t
/ (Tz (5,2°(5), Pas(s), u*(5)) = W (5,27 (8), Por () w"(5)) )ds
0
= p/ / [qjxx (S, Q?*(S) + ,O)\A:EE, Px*(s)+p)\Ax€; u* (5) + pAuE) Ax®
0 JO

+E [\TIW (5,2°(5) + PAATE(S), Poe(s)4praz(s), U (5) + pAu®, T(s) + pAAT*(s)) Afe(s)] d)\ds.

(4.47)

By applying similar method to E (\Il# (t,xa(t), Pms(t),u’f(t)) -y, (t,x*(t), Py, u*(t))) ,
we get

¢
/ E(V, (5,2°(), Pees), u(5)) — W, (5,27(5), Pors), u*(5); T°(s) + pAAT(s)))ds
0
= p/ / E [V, (5,3%(s) + pAAT, Poe(s)rprazs, u'(s) + pAu; T5(s) + pAAT®(s)) Az
o Jo

(4.48)
B By (5,5 (5) + PAAT(5), ooy spnae (o) ' (5) + pAUSS T (5) + pAATS (5)) AT (5) | dAdSs

Now, since f,o € (Ci’l(f‘ 2(R™)), then, by applying second-order expansion and the fact
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that Au® (s) = u®(s) — u*(s) = e(u(s) — u*(s)) = ev(s), we have for each t € [0,77],

t

U (5,2°(5), Pue(s) u(5)) — U (s5,2%(5), Poe(s), u*(s))] ds

t 1

S~

E [0, (s,2%(s) + pAL®, Por (54 paas, u(s)) Az (s)] dpds

~
—

_l_

E [E [83\11(5, T*(8) + pALE, Ppe (o)1 paas, U (5), T°(s) + pA:z:E)Ai?E(s)Aa:a(s)]] dpds

_|_
ﬁh°

S— S— _

E [0,0,% (s, 2*(8) + pAL®, Po(5)4 paas, u*(5)) (Axa(s))Q] dpds

+

o~
O\
=

U, (5, 27(8) + pALT, Proe ()4 paze, U (5))AX® (t) dpds (4.49)

S~
S~

_l_

Uon(s,27(s) + pAT®, Py (s)4paes, 4 (5)) (AXE(S))z dpds

_|_

U, (5, 27(8), Poe(s), u™(s) 4 pev(s))ev(s)dpds

kY
O\
=

+

W (8, 7%(8), Por(s), u*(8) + pev(s)) (ev(s))? dpds

S~
S

[y

+
S

2u(8, 27 (8) 4+ pAL®, Ppe (o)1 paa=, U (5) + pev(s))Ax® (s) ev(s)dpds

_|_

(W, (5, 2%(8) + pAL®, Po(5)4paas, U (s) + pev(s)) AT (s)ev(s)] dpds

~+

\o\:O\
)

[y

_|_
=)

\NC\WMIH{:\ l\Dl»—tC\ O~ RO

(Vo (s, 27(8) + pALT, Poe(9)4paas, w(5)) AT () Ax*(s)] dpds

[e=]
[e=]

From (5.16), Au® (s) = u®(s) — u*(s) = e(u(s) — u*(s)) = ev(s).
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Substituting (5.25)), (4.47), (4.48)) and (4.49) into (4.41)), we get

(1)
= [ ) + 85 = L)1)+ )2 1)
— L (5)05) + B (&) + 3F () AFP) = 3F (fun() 0a(s)P)
+ B (fu($)AT ) 6(5) ~E (fuuls)7i(5)) ) + 5(5)] ds
[ [ouals) + 5061807 = Jona5)0n (6] + o ()AX 61 )

B () A7) = 38 (o0l s) @1 ()

2
— 0zu(S)y1(s)v(s) + E (0,(5)y2(s)) + %
+FE (04 (s)AX5(8)) v(s) ) (0 (s)Y1(s)) v(s) + (,00(3)] AW (s),

where

vr(s)

1
= /0 (1= p) [foo (5,27(5) + pALZ®, Pos(5) 4 paas, 4 (8) + pev(s)) = fou (8,2%(5), Pur(s), u*(s))
+ B [fxu (s,x*(s) + PAAZE, Poe (o)1 pranes, ™ (s) + psv(s)) — fap (s,x*(s), Px*(s),u*(s))

+E(fun (5,Z°(5) + pAT(S), P (s)+pn(s), u*(8) + pev(s))) — E(fuu (s, 2%(5), Por(s), U*(S)))] dp,

and

©o(5)
1
N /0 (1= p) [0 (5,27(5) + pAL®, Poe(o)4pnas, 4" (5) + pev(s)) — 0ar (5, 2%(5), Por(s), u*(5))

~

+ E 04 (8, 2%(5) + pAAZT, Prrs)rprnes, 0 (8) + pev(s)) — o4y (8, 2%(5), Pos(s), u*(5))

~

B (0 (5,7°(5) + PAT(5), Prtoypaseons ' (5) + p20(s))) = Bl (5,27 (5), Paogy, *(5)))] .

Finally, applying similar arguments proved in Lemma 3.11 in Bonnans and Silva [15,
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Annex, Proof of (3.19)], we get

E | sup |\ (8)]*

te[0,7

< O, (4.50)

then the desired result is fulfilled, which completes the proof of Proposition 4.4.2[]
As expected, the adjoint processes (p1 (+),q1 (), (p2 (+) , g2 (+)) and the variational pro-

cesses (y1 (), y2 (+)) are related by the following duality relationship, which is essential for

the proof of our main result.

Lemma 4.4.1 Let (p1 (), q1 () and (p2 (+), g2 (+)) be the solution to the adjoint equation

and respectively. Let y; (+) and ys () be the solutions to the first and second-

order variational equations and , respectively associated to u*(-). Then the

following duality relations hold

B [ho(a” (T) gy (T) + B[ (T3 (T)]] (4.51)

+ 0t) |owa(y(E) + B2, (07 (1)l () (4.52)
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and
E oo (2" (T)) 3 (T) + b, (T) 53 (T)]
=8 | A2 02 (1) (Fu(0) + 02 (100 (1)) + 02 (1) (1)
+ p2 (t) [200 (8) BIZ (05 ()] + 02 (8) 0()] ] (1) (4.53)
~yR(O)(Hae (8) + B[, (0)] + B[}, (1)) } at
Proof.

Epy (T) 1 (7)) ~ E [ (0)
=’ / t)dy(t) / t)dpi(t)
+F [ a®lontin )+ BB ORO]+ o0} (454

From (5.17)), we get

I,(T)

E/O p1(t)dys (t) (4.55)
=8 [ lt) [£: 00 (0) + B0 + Aot at,

and from (4.26)), we get

T,(T) = E /0 o ()dpa (1),
=8 [ w0 [p R0+ ERORO) + atnn @5

+ E[30@ (0] - 60 - BE0)] at
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Similarly, we can further write

T(T) = E / () | Ou(t) + G (07 0] + oo at. (457)

Substituting (4.55)), (4.56)), and (4.57)) into (4.54)), with the fact that y;(0) = 0, we get

Ep1 (T) y: (T)]

=8 [ [0 £ 00 0+ @00 (0 0+ (1) (60 + B 0] ar.
Since p1(T) = —h,(T) — E[ﬁZ(T)], we obtain

E [ha(T)yr (T) + Elb (1)) (T)]
= —E[p1 (T)y: (T)]

== [ [0 £ 00+ e 00 @)+ 31 (0) (00 + B0 .

then the desired result (4.51)) is fulfilled.

Proof of (4.52)). Applying Itd’s formula to p; (T') y2 (1) , we have

Epi (T) y2 (T)] — E[p1 (0) y2 (0)]

a1 () |02 (Opa(t) + EGL07R0)] + 0w (yi(0) + EEL OB Ol (1) (458)

+ 205 ()Y ()o(t) + 2E[6%, ()71 ()]0 (t) + ouu(t)v?(t)] dt

= N(T)+ F(T)+ T5(T).
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From (4.35)), we have

FT) = F [ m(ode()
= / put) | (at) + B (OR0) + fu®yi) + B, ORO () (4.59)

+ 2o (O0(1) + 2E[Fuu QR OW(E) + Fau(0*(0)] .

From (4.26)), it is easy to show that

Ju(T) = E /0 o) dpa (1)

—-E / wo(0) [£0p ) + B [F0R0)] + ou(t)ar(t) + B [B(0@ ()] (460)

0t~ E (mt))] dt,

and similarly, we get

Jy(T) = E / a1(t) [0 () + BIF(0F(0] + 02 (O30 + B2, (05 (Ol (1)
(4.61)

+ 20, ()1 ()0 () + 2E[67%, (DT (1)]0(t) + o (H)0?(t)] dt.
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Combining (4.59), (4.60), and (4.61)) into (4.58)), with the fact that y2(0) = 0, we get

Epy (T) y2 (T)]

- B / ) {m) [fm(t)’yf(t) + B[00 O (1) + 2fn o) (¢)
F2E( L, (O Oe() + fuu0)v*(1)]

(1) [ (B3 + 157, (05 (D] (1)

+ 200 (O (O0(E) + 2B (5, O (OJ0(1) + 00 (1)

~

0 (a(t) + B (0)ya(t) } dt.

Since p1(T) = —ho(T) — E[h*(T)], we obtain

o

E [ha(T)ys (T) + E[(T))ys (T)

== [ {n®) [0 + BE RO O + 2nl o010

+
N)
Q
8
e
—~
~
SN—
Ned
=
S
~
SN—
—~
~
SN—
+
\G)
=)
Q)
e ¥
=
S
~
SN—
<)
=
S
~
=
)
~
N—
+
Q
e
e
Yy
~
N—
S
(3]
—
~
N—

then the desired result (4.52)) is fulfilled.
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Proof of (4.53)). Applying Ito’s formula to ps () y? (t) , we have

E [p2 (T) g (T)] = E [p2 (0) i (0)]
=8 [l On @m0+ B [ n(dm0m() (4:62)
B [ ) (000 + BE00 0]+ 2u(00(0) + 11 (0en(t)

X |ou () + BELORO] + ou(tu(t)] at

= Ki(T) + Ko(T) + K3(T),

where IC1(T) is given by

T

Kmsz/’mwmmmm@

0

=EAUMMNHM@M@+ﬂﬁ®wM+h®Wﬂ% (4.63)

We again applying It6’s formula, to pa(t)yi(t), we obtain

KMW=EAyﬁﬂM@wW
=§Ammmwmw+EAymmmw

A~

+E /0 y1(1)ga(1) (02 (D)y1(8) + B0, ()51(8)] + ou(t)o(t))dt,

which implies that
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Analogously, by simple computations, we get

KNUZEAQNNM®Q®+%®%®W®ﬁ
—EAzﬂ@&mw+ﬂﬁ@mwwwmw+ﬁ@wwmw (4.64)

+ (02(8) + BB (0)ax(t) + (e (8) + B, (0] + B[, (1) | dt.

The same argument allows to show that

Ka(T) = E /0 [p2(t) (2O (1) + EF R O] + ouDo®)) + m®e(t)|  (4.65)

X |oa (i (t) + B0 (1) + ou(t)o(t)] at.

By substituting (4.63), (4.64), and (4.65) into (4.62)), with the fact that y;(0) = 0, we

conclude that

E [p2 (T) y; (T)]
= E/O {1241 (8) [p2 (8) (fu (£) + 00 () 0w (£)) + g2 (£) 0w (2)]

+ p2 (t) (200 (8) EIG, (07 ()] + 02 (8) v() | w(2) (4.66)

Y3 (0)(Ha (1) + EH, ()] + EIH, (1)) dt.

A~ A~

Finally, since ps (T') = —hy.(x (T)) — E[h;,(x(T))], then the desired result (4.53) follows,

which completes the proof of Lemma 4.4.1 O

Proposition 4.4.3 Let assumptions (H 4.1), (H 4.2) and (H 4.3) hold. Then the following

113



Chapter 4, Pointwise second-order maximum principle for mean-field optimal control,

Korich F. 2024

variational equality holds. For any control u () € U ([0,T7]),

T (@ () = J (u
~E [eHu = 5 (Hu(t) + p2(t)oy(8)) v°(1)

—|—€2H( Jyr (B) v(t)] dt + 0 (%) (e — 0F).
where v(t) = u(t) — u*(t) and

H(t) = H(tﬂ z,u, l,P1,4q1, P2, QQ>
= Hou(t) + E[H,uu ()] + fult, o, w)pa(t) + ot 2, u)go(t)

+ () ot p,u) (0u(t, 2, 1, w) + E[G, (L, 1, u)]).

Proof. From (4.16)), we have
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Applying Taylor-Young’s formula, we get

Applying Proposition 4.4.1 and Proposition 4.4.2and the fact that u®(t)—u*(t) = € (u(t) — u*(t)) =

£v, we obtain
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Further, from Lemma 4.4.1 , we have

J (W () = T (u” ()

+ u(t) [ (O3 + B0 Oy (1) + 200 (O ()0 (2)

+ 2B[65, (07 (O)0(t) + 0 (D0*(1)] +a(a(t) + ETL)p2() | dt

-k / {2 052 (01 () 006) + 20, () (62 ()31 () 0(6) + 202 )0 ()31 1) 00
+ 20, (£) B[5, (07 (]2 (1) v(2) + 02 () p2 (1) v*(2)

— YR (Ha (1) + B[, (0] + BU;, (1)) dt

+0(%), (e—07).

~

Since E[H, (1)) = E(f5,(t)p(t) + E(G%,(H)ai(t)) — E(C;,(#)), then we get

T (uf () = J (u* (-))
_ B / (e 1fu () pi(t) + 0w (D) @u(t) — Lu (D] (1)

+ %2 [fuue () P1(t) + 0w (8) @1 () = Lo (1)] (1)

62

2[R0 (0 (0] + 50002 (070 bt +0 (7).
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where H(t) is given by (4.68)). From (4.22) and (4.24)), we get

J (W () = T (u*())

=-F /0 [5Hu(t)v(t) + E—Huu(z&)v?(t) + e¥H(t)y (1) v(?t)

2
2
+%p2(t)ai(t)1)2(t)} dt+o0(e%) (e — 07). (4.70)
This completes the proof of Proposition 4.4.3 U

Applying Proposition 4.4.3 , we can derive the following second order necessary condi-

tion in integral form for our stochastic optimal control (4.15))-(4.16).

Theorem 4.4.1 (Mazximum principle in integral form) Let assumption (H1), (H2)

and (H3) hold. If u* (-) is a singular optimal control in the classical sense for the control

problem (4.15)-(4.16]). Then we have
T
E/ H(E)y1(t)(u (t) — u* (t))dt <0, (4.71)
0

for any u (-) € U ([0,T]), where H (t) is defined by the formula (4.68) and w; (-) is the

solution of first-order variational equation given by

Proof. From the optimality of u*(-), and Proposition 4.4.3 , for v(t) = u (t) — u* (t)
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we have

Tr 1 2
__E /0 [gHu(t)v(t)+§Huu(t)U (t)

and

L o (0)02(8) + Epa(t)02(0002 (1) =

2 5 [Huu(t) + pa(t) oy (t)] v*(t) = 0,

N | —

the desired result (4.71]) follows immediately. This completes the proof of Theorem 4.4.1
[

4.5 Pointwise mean-field second order maximum prin

ciple

In this section, by using the property of Ito’s integrals and the martingale represen-
tation theorem, we establish the second order necessary condition for singular optimal
controls, which is pointwise mean-field maximum principle in terms of the martingale with
respect to the time variable ¢t. The following lemma plays an important role to establish

our result.

Lemma 4.5.1 Under assumptions (H 4.1), (H4.2) and (H 4.3),.the first variational

equation (5.17)) admits a unique strong solution y; (-), which is represented by the follo-
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wing :

t
+ / \I/(S)O'U(S)U(S)dW(S)] : (4.72)
0
where @ () is a defined by the following linear stochastic differential equation :

40 (1) = |fu(t) + B(F ()| @)t + [ou(t) + EG;(0)] @(t)aw (@), .

and U(t) its inverse.
Proof. Equation (4.73) is linear with bounded coefficients, then it admits a unique
strong solution. Moreover, this solution is invertible and its inverse ¥(t) = ®~! (¢) given

by the following equation

.

dwwzR%m+ﬁﬁw»fww—ﬁ@ww—ﬂﬁmww<ﬂ

~

- (afg(t) + Bl (t)]) (AW (1), (4.74)

m

T (0) = 1.

Applying 1t6’s formula to W(t)y; (¢), we deduce

d[¥(t)ys (¢)]

= y1 (t) dW(t) + ¥ (t)dy (1) (4.75)
— [(out) + EG 0w ®)] [0t (t) + BB (07 ()] + ou(yo(t)| at
=L (t)+ L(t)+ I5(t), (4.76)
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where

I (1) = g (1) AW (1) (4.77)

~

- [yms) (0ut) + B3(00) W) — (0 L)1) — (BT (0)W(1) |
— 91 (1) (0u(t) + E[G1(0)]) W)W (1)

By simple computations, we obtain

I (1) = W(t)dys (1)
= [P L) + OB 07 0] + w0 fultyo(®)] at (4.78)

+ [V (t) + VO EGOF 0] + Vo to(t)]| aw (@),
and
Iy (t) = — [(ax(t) + E[a;(t)])qf(t)] [ox(t)yl(t) + E[G (67 (1)] + au(t)v(t)] dt.  (4.79)
Substituting (7). and into (I76), we get

W(t)y: (t) — ¥(0)y1 (0)

= [ weetans). (4:80)

Since y1(0) = 0 and ¥~1(t) = & (¢), then from (4.80]) the desired result (4.73) is fulfilled.

This completes the proof of Lemma 4.5.1 0

To prove the main theorem we need the following technical Lemma.
Lemma 4.5.2 Let assumptions (H 4.1), (H 4.2) and (H 4.3) hold. Then we have
(1) H(-) € Lg ([0, T]; R).
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(2) For any v € U, there exists a unique stochastic process &, (-,t) € L2 ([0,T];R), with
2
E <[fOT I (s,t)|2ds] ) < oo such that

H(t)(v—u(t)) = E[H(t) (v —a(t))] + /0 & (s,1)dW (s) (4.81)

a.e. t€[0,T], P—a.s.

Proof. Since the derivatives fyu, fuus Ovus Opus Cous Luws fus Ou, 0z, and o, are bounded, (see
assumptions (H 4.2) and (H 4.3)), we have F ( [IOT H () dt] 2> < 00, the desired result in
follows immediately. The second item follows by applying Martingale Representation
Theorem, (see also Lemma 3.9 in [124].). O

Now, in order to derive a pointwise second order necessary condition from the integral
form in (4.71]), we need to choose the following spike variation (needle variation) for the

optimal control %(-) :

v, t e g,
u(t) = (4.82)
u(t), tel0,T]] 6.,

where 7 € [0,T), v € U, G, is a Borel subset, G. = [1,7 + ¢) C [0,7T] so that ¢ > 0 and

7+ ¢ < T. Denote by Ig, () the characteristic function of the set G.. Then we have

v(-) = u() —ul) = (v —a()) Ig..

The following theorem constitutes the main contribution of this work.

Theorem 4.5.1 Let assumptions (H 4.1), (H 4.2) and (H 4.3) hold. If @(-) is a singular
optimal control in the classical sense for the stochastic control (4.15)-(4.16]), then for any

v € U, it holds that

E [H(T)fu(r)(v — U(T))Q] + 0" (H(T)O'U(T)(U - E(T))Q) <0, ae.T€[0,7], (4.83)
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where H(7) given by (4.68) at 7

~

(1)) + pa(r) [ ) + 0ulr) (00(r) + B[55(7)])]

=<
)
3
>
_|_
ey

and

OF (H(m)ou(r)(v —u(1))?) (4.84)

=2 lim sup = E/ /@st ou(s)(v — (s))] dsdt,

e—0t

where &,(+,t) is given by (4.81]), and ¥ (-) is determined by (4.74]).
Proof. From (4.82)), we have v(-) = u(-) —u(-) = (v—1u(-))Ig,(-) and the corresponding

solution y;(+) to (4.72)) is given by the following mean-field equation :

(=20 [ 96 (£6) = (@:0) + BFE)0) 0 - 1) (s)ds  (455)
+ & (1) /0 U (s)oyu(s)(v —u(s))Ig (s)dW (s).

Substituting v(-) = (v — u(+))Ig () and (4.85) into ([4.71), we have
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where

5w =52 [ e [0 (1) - ls) + B 0)ens)

X (v —1a(s))ds (v —u(t))]dt,

and

J(r) = 1 / W [H (1) ® (1) / "W (5) 0u(5) (0 — ()W () (0 — ﬂ(t))] dr.

€2

Applying similar arguments developed in [124], we obtain

tim J; (r) = 5 [H(7) (£u(r) = (0a(r) + BBp(oulm) (v —0(m)?] . (487)

e—0t

Let us turn to estimate the second term Js (7). From (4.73)), and since

(1) = (r) + / (fuls) + E(F2(5)))B(s)ds

+ [ (0.0 + EG ) B()aW(s)

it follows that

Ji(r) = L E / ' E[’H (1) () / U () 0u(s) (v — T(s)) AW (s) (v — (1)) | dt

Y, / ' €{H(t) / (04(5) + E[35(s))®(s)dVV (s) (4.88)

€2

« /  (5) () (v — T(5)) AWV (s) (0 — ﬂ(t))} dt

= ’]5,1 (1) + J5,2 (1) + J§,3 (7).
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Now, we proceed to derive estimates for the terms J5, (1), J5, (1), and J5 5 (7).

Arguing as in [124, Eq-(4.8)], with the help of Lemma 4.5.2 , we get

—_

= 07 (H() (v =T(r)?ou(r)) . ¥7 € [0,1]. (4.89)

Let us turn to second term J5, (7) in the right-hand side of (??). Since f,, f,, are bounded,

then by applying similar arguments developed in [124, Eqg-(4.9)], we have

1 T+€ t PN
i sup J5, (7) = lim sup 5 5 {H(t) [ (46) + (G o) 2(ohas

X / U (s)oyu(s)(v—u(s))dW(s) (v — ﬂ(t))} dt (4.90)

=0, ae 7€]0,7].

2
Let us turn to third term J3 5 (7) in the right-hand side of (4.88)). Since £ ’f: |0,(s)® (s)|* ds

2

2
ds

and F ‘ f: ‘E\ [@:(s))® (s) are bounded, then by applying similar arguments develo-

ped in [124, Eqg-(4.10)], we have

lim+ sup Jj 3 (1)

€—!

= tmsw 8 [ {1 [0 + BeDeEare
X / U (s)ou(s)(v—a(s))dW(s) (v — E(t))} dt (4.91)

= %E [H (1) (0x(7) + E[&:(T)])UU(T)(U - ﬂ(T))2:| ca.e. T €10,7T].
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Substituting (4.89)), (4.90), (4.91) in (4.88), we obtain

lim sup Jg (1) = -E [H (7) (02(7) + E[B5 (T ou(7) (v — E(T))Q]

e—0t

N —

+ =07 (H (1) (v—"1(r))%0u(7)), ae. 7€ [0,T]. (4.92)

1
2
Finally, by substituting (4.92)), (4.87) in (?7), we get

02 38 [1(7) (fulr) — (7a(r) + EGou(n)) (v~ ()]
+ 5B R (7) (0(r) + Bl (D)oulr) (0 = u(r))

OF (H (1) ou(r)(v —u(7))?), ae. 7 €[0,T],

then the desired result (4.83) is fulfilled. This completes the proof of Theorem 4.5.1. [
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Chapitre 5

Lions’s partial derivatives with
respect to probability measures for
general mean-field stochastic control

problem

5.1 Introduction

In this chapter,we establish a necessary stochastic maximum principle for stochastic mo-
del governed by mean-field nonlinear controlled Ito-stochastic differential equations. The
coefficients of our model are nonlinear and depend explicitly on the control variable, the
state process as well as of its probability distribution. The control region is assumed to be
bounded and convex. Our main result is derived by applying the Lions’s partial-derivatives
with respect to random measures in Wasserstein space. The associated Ito-formula and
convex-variation approach are applied to establish the optimal control.

Let (92, F, {ft}te[o,ﬂ , P) be a fixed filtered probability space and 7 be a fixed positive

real number. In this chapter, we study the following mean-field-type stochastic optimal
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nonlinear control problem : We denote by :

Problem A. Minimize a mean-field cost functional

J(a() = E / B(ya(7), i) dya).

Rd

subject to y,(-) solution of the (MF-SDE) : t € [0, 7]

dya(t) = [ga @ (t,ya(t), 1220, (1)) u(dyo)dt + fgat (t,ya(t), =@, a(t)) p(dy,)dW (t),

ya(O) = Yo-

In the above, a(-) is the control variable valued in a convex bounded subset U C R¥,
Vo (+) is the controlled state variable, W (-) is a standard Brownian motion, z¥=® is the
distribution of y,(t) and ®, ¢ and 1 are a given maps.

The mean-field control theory has found important applications and has become a
powerful tool in many fields, such as mathematical finance, economics, and stochastic
mean-field games, see Lasry and Lions [76], Buckdahn et al. [19]. Under partial information,
necessary maximum principle of optimality for MF-SDEs has been proved in Wang et al.
[87]. Stochastic optimal control of mean-field jump-diffusion systems with delay has been
studied by Meng and Shen [84]. Under partial information, the necessary and sufficient
conditions for optimal continous and singular controls for mean-field SDEs with Teugels
martingales have been studied in Hafayed et al. [42, [61]. Necessary conditions for mean-
field FBSDESs have been studied by Hafayed et al. [62]. The general maximum principle
for MF-SDEs has been established in Buckdahn et al. [I2]. Mean-field game has been
studied by Lions [88]. The convex maximum principle for mean-field delay SDE have been
investigated in Shen et al. [89]. General maximum principle for optimal stochastic control
has been established in Peng [90]. A Peng’s type maximum principle for SDEs of mean-
field type was proved by Buckdahn et al., [19]. Forward-backward stochastic differential

equations (FBSDs) and controlled McKean-Vlasov dynamics have been investigated in
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Carmona and Delarue [26]. Linear quadratic optimal control problem for conditional mean-
field equation with random coefficients with applications has been investigated by Pham
[91]. Necessary maximum principle for optimal continuous-singular control problem for
general MF-SDEs, under convexity assumptions have been investigated by Hafayed et al.
[41]. Second-order necessary maximum principle for MF-SDEs has been proved in Boukaf
et al. [17].

In this chapter, we apply the Lions’s partial-derivatives with respect to probability
measure to establish our maximum principle. This approach introduced by Lions [88] and
later detailed in Buckdahn et al. [19], Cardaliaguet [27] and Guo et al. [39]. Motivated by
the recent works above, in this chapter, we derive the necessary maximum principle for
our mean-field optimal control problem — The Lions’s partial-derivatives with
respect to probability measure in Wasserstein space and the associated Ito-formula with
some appropriate estimates are applied to prove our result. This approach of derivatives
over Wasserstein space has turned out to be crucial in the study of our maximum principle.
Our stochastic mean-field model occur naturally in the probabilistic models of financial
optimization problems.

Our control problem is strongly motivated by the recent study of the McKean-Vlasov

games and the related McKean-Vlasov control problem.

The rest of the chapter is organized as follows. The formulation of the partial deriva-
tives with respect to probability measures, and basic notations are given in Sect. 2 . The
formulation of the control problem is given in Sect. 3 . In Sect. 4 , we prove our main

results. Finally, to illustrate our theoretical result, we give an example in the last section.
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5.2 Lions’s partial-derivatives with respect to proba-
bility measure

We now recall briefly an important notion in mean-field control problems : the Lions’s
partial derivatives with respect to probability measures, over Wasserstein space which
was introduced by P.Lions [88], see also Cardaliaguet [27], and Guo et al. [39] and the
recent references therein.

Throughout this chapter, we let Ky (R™) be Wasserstein space of probability measures
on (R",B(R")) with finite second-moment, i.e; [q, ly|> 1 (dy) < oo, endowed with the
following Wasserstein metric : for uy, ps € Ky (R™),

1
2

T = int [ o paxan] (5.1)
RQn

p(,) EK2(R?")

where p(-,R") = pq, and p(R",-) = ps.

The main idea in Lions’s partial-derivatives is to identify a distribution (measure of
probability) u € Ky (R") with a random variable y (-) € L?(F,R") so that u = P, is the
law of y (-) . We assume that probability space (2, F, P) is rich-enough in the sense that
for every u € Ky (R™), there is a random variable y () € L*(F,R™) such that u = P,. We

suppose that there is a sub-c—field Gy C F such that Gy is rich-enough i.e,
Ko (R") := {p¥ = Py : y (-) € L*(Go, R™) } . (5.2)

By F = (1),c(0,-» We denote the filtration generated by W (-), completed and augmented
by Go. Next, for any function f : Ky (R") — R we define a function f: L?(F,R") - R

such that

FO) =fw)=f(R), y()eL*(FR"). (5-3)

Clearly, the function f, called the [lift-function of f, depends only on the law of y &
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L?(F,R") and is independent of the choice of the representative y.

Let g : Ky (R") — R. The function ¢ is differentiable at a distribution po € Kg (R™)
if there exists yo € L*(F,R"™), with 7 = P, such that its lift ¢ is Fréchet-differentiable
at yo. More precisely, there exists a continuous linear functional Dg(y,) : L*(F,R") — R

such that

9 (yo+¢) =g (vo) = (Pg(yo) - ) + 0 (liCllz) = Peg(p®) + o ([[Cll,) (5.4)

where (.- .) is the dual product on L?(F,R™). We called D¢g(u*°) the Fréchet-derivative

of g at yp in the direction (. In this case we have

- d .
Deg(1°) = (Dg(yo) - ¢) = 9 (yo+t¢)| , with p7° = Py,. (5.5)
t=0

Now, from Riesz representation theorem, there exists a unique random variable ¢, €
L2(F,R") such that (Dg(yo) - ¢) = (¢otho - ¢)y = E [(¢0 - {),] where ¢ € L?(F,R"). It was
shown, (see [19]) that there exists a Borel function ¥ [¢17°] (+) : R™ — R", depending only on
the law ;7° = P, but not on the choice of the representative yq such that ¢o = ¥ [1¥°] (yo) .
Thus we can write as :for any y € L? (F,R"), we have

g () —g (W) = (¥ [°](yo) -y = yo)2 + o (lly = voll) -
We denote 0,9 (117°,y) = ¥ [117°] (y), y € R™. Moreover, we have the following identities
Dg(yo) = tho = ¥ [1"°] (yo) = Gug (1£°, ¥0) ,

and Deg(p*°) = (Gug (17°,¥0) - ¢}, where ¢ = (y — yo)-
Remark 5.1.1 (1) For each i € K (R™), the partial derivatives 0,9 (1%, ) = ¥ [p¥] (+)

are only defined in p(dy) — a.e. sense.
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(2) A function f is said to be differentiable at 1y € Ky(R™) if there exists a random variable
yo with law po such that the lift function fis Fréchet differentiable at yy.

Definition 5.1.2 We say that the function g € Cp'(Ky(R™)) if for all y € L2(F,R")
there exists a P,—modification of d,¢ (17, ) (denoted by 0,,g) such that d,g : Ky (R") X
R"™ — R™ is bounded and Lipschitz continuous. That is for some C' > 0, it holds that
(1) 10u9(p,¥)| < C, Y € Ky(R"), Yy € R™.

(2) [0ug(r,y) = Oug(', Y| S CIT (1) + [y = ¥'l], Vi, 1" € Ko(R"), Vy,y" € R™.

We should note that if the function g € C;’l(KQ(R”)), the version of d,9 (17,:), y €
L?(F,R™), presented in Definition 5.2 is unique (see [19, Remark 2.2], and [27]). We shall
denote by 0,9 (t,y, jto) the derivative with respect to  computed at zi9 whenever all the

other variables (,y) are held fixed, 0,9 (t,y, o) = Oug (¢, y, )| ,—,, #(dy) —a.e..

Throughout this work, we will use the following notations, for ¢ = f,h : ¢y (t) =
8o,y (1), p*, 0 (1), bal(t) = ZE(t,y"(t), ¥, 0 (1)), and ,(t) = (L, ¥(t), 1, (); §(1)),

p(dy) — a.e..

5.3 Formulation of the mean-field control problem

Let 7 > 0 be a fixed positive real number and (0, F,{F:},co,1. ) be a fixed filtered
probability space satisfying the usual conditions in which one—dimensional Brownian mo-
tion W(t) = {W(t): 0 <t <7} and W(0) = 0 is defined. We study optimal solutions of

stochastic control problem driven by controlled mean-field model :

dy(t) = Jpa e (6, y(8), 17D, (1)) pldy)dt + [oa b (,y(8), D, a(t)) pu(dy)dW (2),

y(0) = yo,
(5.6)
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where Y = Py (4 is the probability distribution of y(t). The goal of our mean-field optimal

control problem is to minimize the following cost functional

T(@() =B [ Sly(r). @ utdy) 1)

Rd

where

0 :[0,7] x R" x Ky (R") xU — R",
¥ [0,7] X R" x Ky (R") xU — R",

d:R" x Ky (R") — R,

are a given deterministic functions.

An admissible control a(-) is an F;—predictable process with values in some non-empty
convex subset U of R* such that E [ |a(t) 1 dt < co. We called U the control domain. We
denote by U ([0, 7]) the set of all admissible controls. We suppose that an optimal control

exists. Any admissible control a*(-) € U ([0, 7]) satisfying
J(a*() = inf J(a()), (5-8)
is called an optimal control. The maps

fltpa)= /Rd o (ty(t), W, a(t)) p(de),
o (t,p, o) = /Rd o (y(t), 2D, a(t)) p(da),
b = [ @ (7)) ),
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are a given deterministic functions such that

f:]0,7] x Ky (R") xU — R",
o:[0,7] x Ky (R") xU — R™%,

h: Ky (R") — R.

To avoid excessive complexity in the notation, we will make the simplifying assumption
that all processes are 1-dimensional (i.e., n = m = 1) in the subsequent sections.
We define a metric d (-, -) on the space of admissible controls ¢ ([0, 7]) such that (¢ ([0, 7]) , d)

becomes a complete metric space. For any a(-) and o/(-) € U ([0, 7]) we set

1(a0).0) = [ [(lat) - o wF | 59)

Assumptions. The following assumptions will be in force throughout this work, where y

denotes the state variable, and « the control variable.

— Assumption (H 5.1) The control region is assumed to be bounded and convex.

— Assumption (H 5.2) For fixed measure 1 € Ky(R), for any (y,a) € R¥xU, the
functions ¢, 1) are measurable in all variables and continuously differentiable with
respect to y, «; and al their partial derivatives are uniformly bounded.
The function ® is continuously differentiable with respect to y and Moreover
1@ (y)| < C(1+ |y*), and |®, (y)] < C(1+ |y|), where C' > 0 is a generic posi-
tive constant, which may vary from line to line.

— Assumption (H 5.3) (1) For fixed y € R, for all a(t) € U: ¢, € Cp (Ky(R%); R)
and @ € C,"' (Ky(R); R).
(2) All the derivatives with respect to measure ¢, 1, are bounded and Lipschitz

continuous, with Lipschitz constants independent of a.

Under the assumptions (H 5.2) and (H 5.3), for each a(-) € U ([0, 7]), Eq-(5.6) has a
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unique strong solution y () given by

—yo+/ /Rd $,y(5), 1), a(s)) p(dy) ds+// (s,5(s), "™, a(s)) p(dy)dW (s),

such that F [supte 1y (t )|2} < 00, and the functional J () is well defined.

Let a*(-) € U ([0,7]) be an optimal control for the problem A, and y*(-) = y* () the
corresponding optimal state process.

Hamiltonian. Let us define the Hamiltonian associated to our control problem. For any

(t,y, 1, 0,p,q) €[0,7] x R x Ky(R) x R x R x R

H(ty. gm0 p(0). ) = plt) [ oty 0)u(dy) +a(t) [ oty 0)u(dy),
R
(5.10)
where (p(-),q(+)) is a pair of adapted processes, solution of the adjoint equation ([5.12)).

The derivatives of H with respect to control variable «(-) has the form

oH * *
a_Oé<t7y (t)a :U’y(t)a a (t),p(t)

,q(t))
= /Rd 0o (ty, @, ) p(t)u(dy) + /Rd Yo (v, 0D, @) q(t)p(dy). (5.11)

Adjoint equation : we consider the new adjoint equation, which is the following MF-
BSDE :

’

~

dp(t) = —E (053 (t,y, 11, @) P(t) + [ OB (£, 1, ) Pt)pr(dly)
+ ay{p\ (t7 Y, s a) a@) + fRd a,u{/}\ (t7 Y, K, Oé) /q\(t):u(dY)) dt
(5.12)

+q(O)dW (1),

~

p7) = =B [0, (v, 11,0) + [ 0,8 (v, @) pldy)]
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Here, for ¢t € [0, 7], we have

E(@u(t) = E [0,205 (1), 0O @ ;)] | _ (5.13)
003 (0.0, Pre (085 (00 AP(@)
B(,(1) = Ep(du(t)) = Bp (9,005 (0.0 0@ w0 | (5:14)
- [ 9t s @ (1, @); (8, 0)) AP ().
Similarly, we get
E(®,(r)) = Ep(®u(1)) = Ep [0,8(F"(7), Pye(ry; 2)] (5.15)

z=y*(t)

_ / 0,05 (7, D), Pyiruys y* () AP ().
Q

Under the assumptions (H5.2) and (H5.3), the mean-field BSDE ([5.12)) admits a unique
F-adapted strong solution (p(-),¢(+)) such that E( sup |p(t)|” + o la(t )|? dt) < co. See
t€[0,7]

Guo et al. [39] for some examples and different models of derivatives with respect to

probability measures.

5.4 Main results

5.4.1 Maximum principle

In this work, our purpose is to derive mean-field-type necessary maximum principle for
the optimal control, where the dynamic driven by controlled mean-field model . To
establish our necessary optimality conditions, we apply the convex perturbation method
of the optimal control. This perturbation method is described as follows : Let a*(-) be

an optimal control and «(-) is an arbitrary element of F;—measurable random variable
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with values in convex bounded set U which we consider as fixed from now on. We define

a perturbed control of(-) as follows. Let
(t) = a*(t) + 0 (aft) — a*(t)), (5.16)

where 6 > 0 is sufficiently small. Since the control region U is convex, then o’(:) €
U ([0,7]) . We denote by y¥(-) the solution of Eq-(5.6) associated with a?(-).

Under assumptions (H 5.1), (H 5.2) and (H 5.3), we introduce the following new va-
riational equation for our control problem.

Variational equation : let t € [0, 7], and v(t) = a(t) — o*(¢).

(47(t) = [E (0,3 (v, 1,0) 20) + oo 0,3 (1., 1.0) Z(D)u(dy)

Ha (¥, 1, @) (1) + [pa @a (3, 1, 0) v(E)p(dy)] dt

B (93 (v 1. ) 2UE) + foa 0,3 (1 1.0) 2t dy) (5.17)
i (1, 1,0) 0(E) + fia Y (8, 1,0) v()a(dy)] AW (2)

Z(0) = 0.

\

Here the process Z (+) is called the first-order variational process, associated to «(-). Since
the derivatives in (5.17) are bounded, it follows that there exists a unique solution Z(-)
such that

E | sup |Z(t)"

te[0,7]

< C, for k>2. (5.18)

We note that unless specified, for each k£ € R, , we denote by C} > 0 a generic positive
constant depending only on k, which may vary from line to line.
We shall establish some fundamental estimates that will play the crucial roles for the proof

of our stochastic maximum principle.

Our aim in this section is to establish a stochastic maximum principle for optimal stochastic

control for systems driven by nonlinear controlled SDEs. Since the control domain is
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assumed to be convex, the proof of our result based on convex perturbation. Now, the

main result of this chapter is stated in the following theorem.

Theorem 5.4.1. (Mazimum principle in integral form via Lions’s derivative). Let assump-
tions (H 5.1), (H 5.2) and (H 5.3) hold. Then there exists a unique pair of F;—adapted
processes (p(+),q(+)) solution of the mean-field BSDE such that for all « € U

E OT g—f@,y*(t)?uf“% (1), p(t), q(t)) (a(t) — a*(t)) dt > 0. (5.19)

Corollary 5.4.1. Under assumptions of Theorem 5.4.1, Then there exists a unique pair

of Fi—adapted processes (p(-),q(-)) solution of mean-field BSDE-(5.13) such that for all

acl

oOH

o LY (), p' 0 (1), p(t), q(t)) (alt) — a*(1)) dt 2 0.

P—a.s., ae. t€[0,7].
To prove Theorem 5.4.1 we need the following results

5.4.2 Proof of main result

Let (a*(+),y*(-)) be the optimal solution of the control problem (5.6)-(5.7). We derive the
variational inequality from :

T (a’()) = T (a*(), (5.20)

where o(+) is the so called convex-perturbation of a*(-) defined as follows : Vs € [0, 7]
a’(s) = a*(s) + 0(a(s) — a*(s)), (5.21)

where 6 > 0 is sufficiently small and a(s) € U is an element of U ([0, 7]).

Proposition 5.4.1. Let y’ (-) and y* (-) be the states of (5.22)) corresponding to a’(-)
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and a*(-) respectively. Let Z(-) be the solution of (5.17)). Then we have

lim F' | sup ‘ye(s) — y*(s)|2k =0, (5.22)
6—0 s€[0,7]
éin%E {sup [ [v0(s) — v*(s)] — Z(S)’2:| = 0. (5.23)
- s<t

Proof. By using Proposition 5.4.2, estimate (4.8) in [19], we have

2k

E | sup |y'(s) —y*(s)|" | < Cub",

s€[0,7]

then the proof of estimate (5.22)) follows immediately by letting § — 0. Let us turn to
prove estimate (5.23[). We consider

79(5) =9t [ye(s) — y*(s)] —Z(s), s€0,7]. (5.24)

Since Dg f(u?®) = <Df~(Zg) . §> =4 F(Zo+ tg)‘ , then we have the following simple

t=0
form of the first order Taylor expansion

FuPOr) — f(u?W) = D¢ f(u?D) + £(¢),

where £(&) is of order O (||£]],) with O ([|€]l,) — 0 for & € L2 (F,R%) . From (5.24)), we

have
P =5 [ [ o (5560 0.0%60) = (o376 0°(5)] i)
w5 [T (5576009.0069) = 6 (5237607, 0°(6) ] )W )
(5.25)
—700).
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We put

By simple computations, we have

/0 Fls, i©, () — F(s 15", a*(5)))ds
- / (F(s, 1", 0?()) — f(s, 1, 0 (s)))ds
n / (s, i), a(5)) — F(s, ), 0 (5)))ds.

Applying first-order expansion, we get

5 | (6" 900(0) = (s 0" ()

/ / O f (s, " FAOEHZEN [ 00(5):5%(5))(A(s) + Z(s)) | dAds.
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Using similar arguments developed above, we can easily prove that

1/ (s, 17", 0%(s)) = f(5,1°), 0% (s)))dls

/ / fa s, 177 ot (s) + Ae(a(s) — a*(s))) v(s)} d)ds.

The analogue arguments hold for ¢, then we get

}/[ (5,17"®), a%(s)) — o(s, 1@, a*(s))]ds

= [ [ B [t 0000 a5 56 ) + 206 rds
/ / s ') a*(s) + Ae(a(s) — a*(s)) v(s)} dAds.

Therefore, we get

E | sup [1(s ‘
s€[0,¢]
7 2
<Ct[ / / \f PRGN, a0 (5);5 ()7 ()| dds
2
+E/ / B o (s, " P00, 00 (5);5(5))5°(5) | dAds
+E | sup [A%(s)]| |
s€[0,t]
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where

/ / *(s)+Ae(F (8)+2(5))’ a9<8); S’\*(S))

= fuls, 1", 0" (); 57 (5))] 2 (s)dAds

/ / [fu (5,17, 0% (5) + Acu(t))

_fa ,Oé ( )] ()d)‘ds

+ [ / RGO, 0?(5);5°(5))

— (s, 17, 0" (); 77 (5))]Z(s)dAIV (s)

// oo (5,17 0% (s) + Aev(t))

oa(s, 1", a*(s)Ju(t)dAdW (s).

Now, since the partial derivatives of f and ¢ with respect to i, a are Lipschitz continuous
in u, a, then we get

lim F
6—0

sup |A9(s)‘2] =0.
s€[0,7]

Moreover, since the partial-derivatives of f and o with respect to variables u, and « are

sup |A9 ‘ ]}
sel0,t]

t
exp (/ C’Sds) :
0

Finally, putting t = 7 the proof of Proposition 5.4.1 is fulfilled by sending 6 to zero. [J

bounded, we obtain V¢ € [0, 7] :

E | sup |7 |2

s€[0,t]

£) {E/Otw(s)deE

By using Gronwall’s theorem, we get

E ’2 < C\E sup}Ae ’

sup |y
’ s€[0,t]

s€[0,t]
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Proposition 5.4.2. For any «(-) € U ([0, 7]), we have

08 (80 () + [

R4

B0, (v*(r), 1" 5°(7)) u(dy)) 2(n).  (5.27)
Proof. From (5.7) and (5.20]), we have

0<J(a’() = J(a"(-))

= B |h(y"(r), ") = by, )|

By applying first-order expansion, we get

h(y®(r), @) = h(y*, 2" @)

1
= [ [ (0 + psa? (@)Y 2a%(0)] o
0
1
E [hu(y*(T) +pAa? (1), " A 5 (7)) A (T)} dp

1

I
S— —

Oy (v*(r) + pA’ (1), " OHATCL 5 (7)) ) AT (r)dp
y

1
= [ [ @@ () -+ e (7) p O 05 (7)) ) AT (7).
0 d

where Az?(t) = y?(t) — y*(t). Finally, by using Proposition 5.4.1, the desired result (5.27))

is fulfilled. This completes the proof of Propositionn 5.4.2. OJ

Proof of Theorem 5.4.1. 1t6’s formula is one of the most fundamental building blocks
in stochastic calculus and maximum principle, see Guo et al. [39]. By applying 1t6’s for-

mula to stochastic process p(t)Z(t) and take expectation, where Z(0) = 0, then a simple
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computations shows that

B(p(r)2(r) ~ Bp(0)2(0)
_E /0 p()dZ(t) + E /0 Z(6)dp(t)

w8 [ L) |E (a2 tvn @20+ [ 0505.ma020ua)
oty ) o0+ [ bty ) o) a

=L+ L+ 15,

where

L=F / Tp(t)dZ(t)
= [ 50 [B (08 (... 0) 20) + 0,3t vo100) 20n(a) )

+ E/OTp(t) [a (o, 11, 0) 0(t) 4 [ga Pa (£, 5, 1, @) v(E)p(dy)] de.

Let us turn to estimate the second term I5. From ([5.12)), we have

L=E /O TZ(t)dp(t)
- —E/OTZ(t)E (0yB (t,y, py @) P(E) + [a 0.8 (t,y, p, ) P(t)pe(dy)) di

~E / Z()E (040 (b y, 1 0) T + fia 0 (1 y, 1, 0) TD)p(dy) ) dt;
0
From , we have

=E [ a0 B (08 tyma) 20+ [ 060y Zou)

Sy ) o)+ [ b yma) v(t)u(dw] dt.
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Substituting (5.29), (5.30) and (5.31) into ([5.28]), with the fact that

p(r)=E {aﬁ) (y(), ) + [ 0,8 (y(r), @) u(dy)} ,

Rd

we get

B (B (08 60).000) + [ 0,8 (00.00) utan)] 200))

R4

=5 [ 5l0) ety (000 = @*(0) + [ o t.3.000) (alt) = o ()t | at
+8 [ a0 [ty @) - ')+ [ vnltyima) @) - ey a

Applying Proposition 5.4.1, we obtain

08 [ 00 [ (.3.000) @) = 0 O) + [ oty fal0) - a*(t))u(dY)] a
v [ at0) v oy 0+ [ vty ) = ()t |

Finally, by simple computations, with the helps of (5.11)), we get

B[ o0 [% (ty,1,0) (alt) - a*(8)) + / oo (v, 11,0) (a(t) — &*(t))u(dY)] dat

8 [ af0) vty ) @) = ') + [ vty ) ) = a)lay) |

£ [ |0 (wa (v )0 —a @)+ [ ealtyina) <dy>>

+qlt) (wa (ty. 0 0+ [ty ) )| (a0 - @)
TOH

=B [ Gty (0,10, 0%(0),p(0), (0)) (0(t) — 0”1

then (5.19) is fulfilled. This completes the proof of Theorem 4.1
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5.5 Examples : Gamma process via Lévy measure

The Gamma process is a Lévy process (of bounded variation) (G(t)),s,, with Lévy
measure given by

e_y
u(dy) = 7]{y>o}dy- (5.32)

It is called Gamma process because the probability law of G(-) is a Gamma distribution

with mean ¢ and scale-parameter equal to one.

5.5.1 Examples (Derivatives with respect to measure)

Let (G(t)),5o be Gamma process with Lévy measure p(-) given by (5.32). We give some
examples.
) If D (u fR o(y , then the Lions’s derivatives of ® (i) with respect to measure

at z is given by

0,8 (1) (2) = 5 (2.

2) If & (1) = [ ¢(y, n)p(dy), then the Lions’s derivatives of ® (1) with respect to measure

at z is given by

8_ ) 1(dy)

y
/__ Sy

5.5.2 Maximum principle

We consider ¢ (t,y(t), u, a(t)) = y(t)a(t), ¥ (t,y(t), p, a(t)) = y(t)a(t). Our purpose is
to minimize Var(y(7)) — u¥7).

From (|5.26)), then a simple computations shows that
flta) = [ o0, a)n(d) = alo) (539
R
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7 (ti0) = [ 030,50, al0)n(dy) = ot (5.34)
From we get
Ht, v, 0,p(), (1)) = a(®)p(t) + alt)a(d), (5.35)

Since, the Hamiltonian H is linear in the control variable «(-), then by considering the

first-order condition for minimizing the Hamiltonian that yields
Ho(t,y, p,a,p(t), q(t)) = p(t) +q(t) = 0, (5.36)

From (5.12) and (5.32)), with simple computations, we have

dp(t) = q(t)dW(t) (5,37

p(r) =2[y(t) — ] — 1.

Conjecture of the adjoint process. Looking at the terminal condition p(7) , it is reaso-

nable to try a solution of the form :

p(t) = Ui(t) [Y(t) - M‘Y(T)} + Us (1), (5.38)

where U (+), and Us () are deterministic differentiable functions, and U;(7) = 2, and
U2 (7') = —1.
On the other hand, by applying It6’s formula to Uy (t) (y(¢) — ¢ in (5.38), we get

dp(t) = AU () (y(t) — 1*)) +dUs (1)
= Ur (8)d(y(t) — ) + (y(t) — ) Uy (t) dt + Uy () dt
= Uy (t) a(t)dt — Uy (t) dp + (y(t) — p) Uy (t) dt + Uy (t) dt (5.39)

UL () a(t)dWV (2).

146



Conclusion and perspectives Korichi. F 2024

From (5.39) and (5.37]), we conclude
(y() =) Uy () + Ur (t) e(t) + Uy (8) p+ Us () = 0. (5.40)

and

g(t) = Uy (t) a(t). (5.41)

Substituting (5.41)) into (5.36)), we obtain a candidate optimal control in feedback form

qt) _ —p(t) _ —Ui(O)(y(t) — p) + Us(t)

Q U (t)  Ui(t) Uy (t) (5:42)
Us(t)
= — t —|— —_ R
y(t) + 0, ()
By comparing the coefficient of y(¢) and p, in ([5.40]), we obtain
Uy (t) = U (t) =0, Uy(1) = 2, (5.43)
and
Uy (t) =0, Us(1) = —1. (5.44)
By solving the ordinary differential equations (5.43)-(5.44]), we obtain for ¢ € [0, 7]
Up (t) =2exp|t — 7], (5.45)

Finally, by substituting (5.42)) into (5.45)), the optimal control is given in the feedback
form by

* * ]_
o (£, (1), ) = =y (8) + ¢ + S exp[r — 1] (5.46)
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Conclusion, perspectives and future
Developments

In this thesis, we establish a set of necessary conditions of optimal stochastic for dif-
ferent stochastic models. More precisely, in the second chapter, we have developed a neces-
sary conditions for partially observed singular stochastic optimal control problem, where
the controlled state dynamics is influenced by unobserved uncertainties. The system is
governed by general McKean-Vlasov differential equations. By transforming the partial
observation problem to a related problem with full information, a stochastic maximum
principle for optimal singular control has been established via the derivative with respect
to probability measure in P.Lions’ sense. The main feature of these results is to explicitly
solve some new mathematical finance problems such as general conditional mean-variance
portfolio selection problem in incomplete market.

Apparently, there are many problems left unsolved :

1. One possible problem is to establish some optimality conditions (or near-optimality)
for partially observed singular stochastic optimal control for systems governed forward-
backward stochastic differential equations of general McKean-Vlasov type with some

recent applications.

2. The partially observed singular control in the case when the control domain is not

necessarily convex.

3. It would be quite interesting to derive a general maximum principle for partially
observed optimal control for fully coupled forward-backward stochastic differential

equations FBSEDs following Yong’s maximum principle.

In the fourth chapter, pointwise second-order necessary conditions, in the form of Pon-
tryagin maximum principal for optimal stochastic singular control have been established.

The control dynamic system was governed by nonlinear controlled stochastic differential

148



References, KORICHI F. 2024

equation. In our class of control problem, we have studied two types of singularity, the
predictable ones which come from the singular control part and the second ones which
come from the irregularity in some senses.

We note that if the coefficients G(t) = M(t) = 0 our results coincides with second-
order maximum principle developed in [I124, Theorem 3.5]. Apparently, there are many

problems left unsolved such as :

1. The case when the control domain is not assumed to be convex (general action
space).
2. One possible problem is to study the second-order maximum principle for optimal

singular control for McKean-Vlasov stochastic differential equations.

3. Another challenging problem left unsolved is to derive a various second-order maxi-
mum principles in the case where the coefficients G and M depend on the state of

the solution process 2% (-).

4. Tt would be quite interesting to establish second order maximum principle for systems
governed by forward-backward stochastic differential equations with some applica-

tions.

We plane to study these interesting problems in forthcoming works.
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